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Intro - Channel Coding
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e channel code, channel interface, channel
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Intro - Simple Channels: BEC

input symbols output symbols

no error

erasure
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no error

Binary Erasure Channel (BEC)
Channel quality parameter: Erasure Probability P, qsure
Capacity Cpec = 1 — Perasure
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e Intro - Simple Channels: BSC
()
]
% input symbols output symbols
(=)
“é 0 - 1— Perr N 0
é Pert
=
3 )
£ S
-
1le be |
3 1- Per'r

e Binary Symmetric Channel (BSC)
e Channel quality parameter: Error probability P,,,

o Capacity Csc (Perr) = 1 = Hp (Perr)
with Hy (Perr) = —Popr - 1dPeyy — (1 - Perr) -1d (1 - Perr)
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- Intro - Simple Channels: AWGN
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Additive White Gaussian Noise (AWGN) channel
 n Gaussian distributed, mean zero, variance ¢>
Channel quality parameter: SNR = ES Es/Ny
Capacity Cawen = log, (14 SNR) \

v
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- Intro - Simple Codes: Repetition . —
° . ‘[A{WWJ'\'IL\ g' “
% e (N,K) block code of rate R = K/N
g e repetition codes R = 1/N, N-fold repetition ¢ = (u, ...,u)
7 e on BEC: can correct N — | erasures
E e on BSC: can correct | (N —1) /2] errors
§ e before Shannon: we have to sacrifice rate to achieve reliability
= e Shannon (1948): arbitrarily good reliability achievable as long as
§ the code rate R is below the channel capacity C

e important for coding guys: SNR normalized to energy used per
information bit
C E_ 1 O €
No MyR . s
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Intro - Simple Codes: Single Parity Check

e (N,N-1) block code of rate R=N—1/N

e c= (U, up...;uny—1,u Dup ® ... Buy_1)

e on BEC: can correct one erasure

e on BSC: can not correct errors; only detect odd number of errors
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- Intro - Simple Codes: Multiple Parity Checks
3 R /\/WW
g b I
g: e e.g., (7,4) Hamming code, rate R =4/7
e o c= (uy, up, u3, ug, ug Dur Duz, g Buy B ug, uy Guz Duy)
= e S T N T N ——
7 e on BEC: can correct two erasures h-k @'\LJ fmlg
5 e on BSC: can correct one error; detect two errors
§ e extended Hamming code: additional parity bit uy @ u3 & uy
E
3
s
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' Intro - Comparison of Simple Codes
3
g e An Experiment: Comparison of foyr R = 1/2codes
g e code 1: ¢ = (u, u) {4‘» C sk
??; e code 2: ¢ = (uy, up, uy Guy, uy) W + Q«E(P
-E —~ -~
= e code 3: ¢ = (uy, up, u3, uy duy, uy Suz, up Dus) wanlh
] . codes: ol he
2 code 3:
S e = (up,uz, u3, us, uy Sur Gus, ug HBup Sug, ) Buz Bug, uy Suz Huy)
3
s

L bir ol Hﬁwwf"J

671(() “"(&7, 9)
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) Intro - Simple Codes, BER Chart (Rl /A
3 ya
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E u d ‘1 -
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E
s
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E/Ng in dB
y nagan PO
e code 1 (repetition) has no co ain J’U L
e code 4 has highest coding gain WlreNa o 7
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A

Intro - Mutual Information Chart vs E; /N,

2
Shannon capacity imit {A GN) ——
hard-demapping GN) ——
soft-demapping (AWGN) ———

15

¢ o/

scla —
s (a _&)V-‘S
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mutual information [bit/channel use]

o AWGN-channel: repetition code has some gain...?

® http://webdemo.inue.uni-stuttgart.de/webdemos/02_lectures/communication_3/
performance_measures/
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Intro - Mutual Information Chart vs E, /N,

Sh nnon capacllyllmn AWGN _—
hard-demapping (AWGN) ——
soft-demapping (AWGN) ———

15 \r V‘W’L p&c./—-—‘
AR
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mutual information [bit/channel use]

¥ //L’
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EbNO [dB]
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e Now versus E;,/Ny: repetition code has no coding gain!
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Intro - Need for Coding

¢ long, random-like codes (with structure) suffice
various coding schemes emerged over the past 50 years

and: channel interface should make channel “look nice”
(Gaussian-like) for channel code

soft-input decoding seems important
soft-output decoding...?

www.inue.uni-stuttgart.de
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Intro - Channel Coding Timeline, 1940-2020
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’ Intro - Channel Coding Timeline, 1940-1960

3 1940's 1 950 S
c ) . ’
" ‘ Information Theory ‘ " Reed-Muller Code |
= (Shannon) : :
=
ti) p - ; Convolutlonal Code,
g | Hamming Code | ~ Product Code (Ellas)
g g \ Golay Code :\ ‘ Cycllc Codes ‘
£ ) ‘ ' (NN)
g {=
s - )
s | BCH Codes
s N
\ Reed-Solomon Codesrk:\
()
=
.0
=
©
O
a
Q.
<
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n, Intro - Channel Coding Timeline, 1960-1980 (A,a
970's

3 , 1960's /1

| Sequential Decoding | \/ "CODING |S DEAD"

/N

) ~ . \/ Chase Decoder \

‘ LDPC Codes ‘ ) SG

\ Gallage ) 1)

‘ - \ BCJR Decoder JA’ / ot
#Concatenated Codes ™
(Forney)

Trelis Coded Modulatlon ‘
(Ungerbdck)

www.inue.uni-stuttgar

Viterbi Decoder ‘\\

Rk (A,

/\

" Pioneer 10, 11 (2,1,32)
_conv. memory 31, seq.

Pioneer 9
R=1/2 conv. code,
memory 20, seq. dec.

Voyager 1,2 (2 1 7) conv

p Viterbi Decoder
Mariner

corr. dec.
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o Intro - Channel Coding Timeline, 1980-2000 r low
' b ' \W/LV
(] (] \, N 1

1980's

'Pbndération des symboles...

\/ Tanner Code\\
: ’ (Battail)

[ Irregular LDPC Codes ‘
(MacKay)

VAN
SOVA
Hagenauer, Hoher)

X

/Lpeat-Acc. Codes ‘
(Divsalar el al.)

Separable MAP fllters
. (Lodge, Hag

www.inue.uni-stuttgart.

Density Evolution ‘
_ Richardson, Urbanke |

Turbo Codes

Glavieux, Thitimajshinya) P, S

Iterative MUD

L)’ (Moher)
’«eratwe EQ (Bauch, Frang, Hagenadeir))

" ccsbs Telemetry Std |
concatenation (255,223)
| RS, (2,1,7) conv. code

( Belief Propagation (McEliece, MacKay, Qheng) )
"' Convolutional LDPCb\*‘

. (Felstrém, Zigangirov) -

‘ Galileo, concatenation ‘ ‘ CCSDS Telemetry Std, ‘

(255,223) RS, (4,1,15) conv. Turbo Codes added
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x Intro - Coding History Timeline, 2000-2020 KGL\ a/al, . 6\] Lo
3 2000's 2010's

""THE PHY LAYER IS DEAD" |

‘ SpatCC, Threshold Saturation ‘
' ' \(Kudekar, Richardson, Urbanke)
‘/'Belief Prop., Factor Graphs ) /'Polar Codes ‘

(Kschischang, Frey, Léliger) | | (Arikan) SpatCC, Universality Property

‘\(Kudekar, Richardson, Urbanke)

www.inue.uni-stuttgart.

" Iterative MIMO Det. ‘ ‘ Staircase Codes ‘
(van Zelst et al) \ (Kschischang) )
( Liét Sphere Detection ‘ \/—_T( CO U‘P (ﬁ v
\ (Hochwald, tB) )

LDPC modulation

‘\ (tB, Kramer, Ashikhmin) | Optical long haul ‘

|LTE (turbo) ‘ (Staircase; SpatCC)

\DVB-S2(LDPCC) | g02.11aclad (LDPCC) | L~ b > Qoooso
| UMTS (turbo) | WLAN 802.11n (LDPCC) |
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Outline

\L . Coohn'v
@ Soft Output Decoding — «.L_i——(}ﬁ
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X
¢ Discrete-time channel model for binary, antipodal signaling
y=x+n; x € {+VE}

e realizations of n, e.g., i.i.d. Gaussian; in the following E; = 1
¢ A posteriori L-value (“soft channel output”) given by the ratio of the
a posteriori probabilities P(x = +1]y) /- o fpl“m,}«t,h'

Q ("N‘hv'* L(xly) = In EE=H1D) /N — Vﬂ({poﬂ‘%

e Applying Bayes’ rule yields . :
AT

. - . )
Soft Decoding - Log-Likelihood Ratio Values
D=L (x {a)

T e Ay

Px=+1y) = P(x=+1)

e a priori probability P(x = +1) that x = +1 was transmitted,

¢ channel output PDF p(y|x = +1) conditioned on the transmitted 0
symbol x = +1

« and p(y) = P(x=—1)-plyle=—1)+ P(x=+1) - p{lx=+1)
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Soft Decoding - Log-Likelihood Ratio Values ([ RN
\,w(/l/vx/ﬂ"‘“)

e Finally, we obtain the a posteriori L-value as Vie Cm

Px=+1)  pylx=+1)
L(x|y):1np(x:_1)+lnp(y|x:_1) + L(Y‘to
La(x) Lep(x[y) £

LNV _
Sign of L-value: hard decision &f&r(Aawf*A 0‘,\1’(?% 1
de

Absolute value |L(x]y)|: reliability of the detision

A priori L-value Ly (x) accounts for available prior knowledge on x
Channel L-value L, (x|y): knowledge on x based on y
Additions/subtractions rather than multiplications/divisions

www.inue.uni-stuttgart.de
[ [ ] [ ] [ )
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- Soft Decoding - Log-Likelihood Ratio Values
[}
-] g———————— —_—
g [/, wa to infinityT
3 s
(]
: £ .
S g 0
s g
3 i
S
s -4
T from -infinity
2 02 04 06 08 1
probability P(x=1) ———> @S
e Connection between a priori probability P(x = 1) and
corresponding L-value Ly (x) = In p="1 = In (250
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Soft Decoding - Log-Likelihood Ratio Values

e For the AWGN channel we have

1 (y—x)?
= —.¢e .
p(y|x) O'\/E Xpl 2(52
and obtain
1)2
eXp |:_(}2(712) } 2

Lch(xb’) :lnTl)? = ) "y

exp [— ash }

e Channel L-values are simply weighted versions of the channel
observations y=x+n

e Can be easily included into a metric for soft input decoding (e.qg.
Viterbi algorithm)
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Soft Decoding - Log-Likelihood Ratio Values

e Channel L-values L., (x|y) for transmitted symbol x = 1
0.4

chh =1

GLch:3 —A

03 GLch:5+

. O'Lch:7+
=
1l
=
=
o
[T
o
o

L-value L,

e It can be shown that the mean value p;, and the variance ochh
satisfy w., = o7 /2

S. ten Brink Iterative Detection and Decoding 24.04.2015 28/118



www.inue.uni-stuttgart.de

INSTITUTE OF TELECOMMUNICATIONS Universitat Stuttgart

’ Soft Decoding - Difference of ML versus APP Decoding

e Encoder: maps K information bits u into the sequence of N coded
bits ¢ = map(u)

(or antipodal sequence x(u € {£1}) respectively)

Mapping is one-to-one and thus invertible x = map~!(¢)

Received signal from the channel: y = x +n.

Realizations of n are i.i.d. Gaussian, mean zero, variance ¢?
Channel decoder: obtain estimate i of transmitted bit sequence u

dneods O hpod- ! OL‘“V‘*“
—*T“P*W @’“J"L’(‘ y
qr M L
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- Soft Decoding - ML and APP Decoding
@
e Two decoding rules based on different optimization criteria:

4) « Minimizing the sequence error probability Piey
2 ) » Minimizing the bit error probability P,

e Minimizing Py.,: maximum likelihood sequence estimation (MLSE,
or ML)

e Minimizing P,: take hard decision on a posteriori probabilities
(APP) of information bits (APP, or MAP decoding)

kb s S Covopeh o e

S. ten Brink Iterative Detection and Decoding 24.04.2015 30/118



www.inue.uni-stuttgart.de

INSTITUTE OF TELECOMMUNICATIONS Universitat Stuttgart

Soft Decoding - ML-Decoding

e ML decoding: Receiver generates all possible 2X transmitted
codeword hypotheses ¢ (message hypotheses u = map~!(¢)) and
selects that one which maximizes the sequence a posteriori
probability

max P (u]y)

e Assuming that all transmitted message vectors u are equally likely,
we obtain a maximization of the likelihood function

maxp (yu)

o Complexity of direct approach (testing all 28 message hypotheses)
grows exponentially in the message length K

¢ Viterbi algorithm: Exploits trellis structure of convolutional codes;
complexity grows only linearly in K

S. ten Brink Iterative Detection and Decoding 24.04.2015 317118
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Soft Decoding - ML-Decoding

e For the AWGN channel, the likelihood computation reduces to

o A simple correlation is sufficient to find the best matching
hypothesis x (codeword ¢, message u respectively)
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- Soft Decoding - APP Decoding

e Maximum a posteriori probability criterion

e optimizes the bit (symbol) error probability rather than the sequence
error probability

e Provides soft output values, expressed in terms of a posteriori
log-likelihood ratio values (L-values)

e based on a posteriori probabilities with respect to the bits (not the
sequence, as opposed to MLSE)

e Maximum A Posteriori Probability decoding is abbreviated as “APP
decoding”, or “MAP decoding”

www.inue.uni-stuttgart.de
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e Soft Decoding - APP Decoding Q>(ji
c

% l:(v"l“"\

E: e Example: Compute a posteriori L-values for an arbitrary rate 1/2
2 block code with K =2 and N =4

-3 e E.g., the a posteriori L-value of bit uo conditioned on the received
.g VeCtorX:()’O7YI»YZ»Y3) IS . = X+
| apdee Pmoh) O

= up=Vv\y

= »b&(/\o\-\.‘ Lp (ug |y =ln——

- I o) = B = 1]y

s

The probability

L hOCB‘\ . GK\: clauvn-e k

P(u0:0’x) :P(uo:07u1 zolx)—i—P(uo:O,ul =1 lx)

is the a posteriori probability that the transmitted information bit
was uy =0
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Soft Decoding - APP Decoding

o Next we apply Bayes’ rule / w L}vjé\-’(

P (ug,u IX) _ IW

- P (ug,ur)

e The information bits ug, u; (e. g. output of a memoryless source)
can be assumed to beindependent, and we have

www.inue.uni-stuttgart.de

P(uo,ul) :P(uo) ~P(u1)
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- Soft Decoding - APP Decoding

3

© o We obtain

§ . (u | ) _ p(X\u():O,Lu:O)P( =0)-P(u;=0) +p( Dug=0,u1= 1)P( 0=0)-P(u;=1)
2 Dol P(yluo=1u1=0 ) P(ug=1)-P(ur =0)+p(yluo="ur =1 )-Plug=1)P(us =1)
/] P M]:())

£ _ i Plug=0) 4 POM0=0u70) g =+ (lio =0 1)

= - — =

g P(up=1) p(X""O:l?ul:O).iEZ}*?; ( Jug= lul l)

E p(yluo=0,u1=0) -expLy (u1)+p (yluo=0,u1 =1)
2 = La (uo) +1n N

; p(yluo=1u1=0) expLy (u1)+p (yluo=1,u1 =1)

LE’("O‘X)
e A posteriori L-value Lp(uoly) is composed of its a priori L-value
L4(uo) and the channel-and-“extrinsic” L-value Lz (uoly)
e For systematic codes: can separate Lg(uoly) into channel
observation L., (uo|yo) and “pure” extrinsic L-value LE(”0|X[0])
e The extrinsic L-value: captures all information we learn about bit
ug based on code redundancy and observation of bit u;
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Soft Decoding - APP Decoding

e Suppose that the first K = 2 bits of the codeword ¢ are the
systematic bits, ¢ = (co = uo,c1 = uy,ca,¢3)

e Then we can factorize the PDF for the systematic bits u;, 0 <i < 2,
into

p(lu)=p(yle=map(u))=p©ile:)-p (Xm < ) =pilei)-p (Xm Iu)

and find for ug

N p(yolup=0)
Lp (uo b) =1Ly (uo)-i-lnm
—_————

Len(uolyo )

p <X[0] lup =0,u; = 0) -expLy (u;)+p (X[O} lug = 0,u; = 1)

+In
p<X[O] ‘MO =1l,u; :0) ~expLy (Ml)-Fp(X[O] ‘“0 =1l,u; = ])

Le (o] )
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Soft Decoding - APP Decoding

e Notation: Vi is the vector y where the ith element is omitted, i.e.
X[l] - (YOJI7---a)’i717)’i+1a~-~7)’N71)

e For a general number of K information bits we find

Y p(ylu)-exp ¥ La(u))

L ( | ) L ( )41 uelp JEJiu
p (uily) = La () +1n
= ' Y p(ylu)-exp ¥ La(uj)
uel; JEJiu
Ly (i]y)

with U; o being the set of 2X~! bit vectors u having u; =0
Uio={ului=0}, Uiy = {u|u; = 1} respectively
and J; , being the set of indices j with
Jiw={jl0<j<K,j#iAuj=0}

S. ten Brink Iterative Detection and Decoding 24.04.2015 38/118



www.inue.uni-stuttgart.de

INSTITUTE OF TELECOMMUNICATIONS Universitat Stuttgart

Soft Decoding - APP Decoding (vt J,.,,w

0‘" Mo e,
La fovw'
uncoded information) /7
rate K/N message bits
soft decoder coded bits _#
L =
L-value - ¢ mO
Lch | calculation WUV\ L ¢ (.A’ ?(V )
- o9 I

&meh‘( l‘oo"-,
Y

e For systematic codes with ¢ = (¢ = ug,...,cx—1 = ug—_1,c

we can extract the “pure” extrinsic information for u;, 0 <i

0‘0" e A\V‘OM"V p{.lcodl'\.‘”/ cdz

L p(vyle)-exp ¥ Li(uy)

uEU;ﬁ() jeﬂi.u

=1Ly (u,) + Ly, (M,) +1n
} £ p(ylu)-exp £ La(w)

EGU Jje€l iu

o)

0‘\ ()'ﬂlw Lg (u;|y
n C vn,((, nforw-hinn o

uu e {4 o rod (w')\ﬁa..
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Outline

€@ Serially Concatenated Codes (SCC)
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A

SCC - Encoder and lterative Decoder ooffv ~ JW Ko

Qo) vV g s

. binary
R, v interleaver R, J source
inner I_I C, outer Y,
<]
encoder encoder
o0
deinterleaver R decision

-1

M

inner
BCJR

outer
BCJR
decoder

www.inue.uni-stuttgart.de

interleaver

(uncoded) ivd
inner information bits

a M. information bits I_I coded bi'(s/V
( Al Ez with respect to APP
(_, — OQM _ processing block
~ n\ wea wle L,JS v,
¢ Index “1”: Elements belonging to inner encoding/decoding
¢ Index “2”: Elements belonging to the outer encoding/decoding

S. ten Brink Iterative Detection and Decoding 24.04.2015 43/118



INSTITUTE OF TELECOMMUNICATIONS

SCC - BER Chart b ey by

[}
3 reh 4 -f‘M-J orping
g L
9 outer rate 1/2 recursive inner rate 1 recursive w6 w oL\N‘D(a“ J
"5 systematic convolutional code convolutional code
= odd i
/] binary R
— source | interleaver
- (V=

: 1
X | Ol
3 o= s OCcunliy
; output all systematic
s

T and alparty bits o <0(,\.Y]p/uc)

e Serially concatenated code consisting of outer rate 1/2 memory 2
recursive systematic convolutional code (G,,G) = (07,05) and
inner rate 1 memory 1 (differential) code (G,,G) = (03,02)
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SCC - BER Chart

(@4

T — T
inner (1;03,02)-code - o
BER 2,07,05)-code V\g- L \/%\‘ c_*—' AN~
E
0.1
rsy
0.01 |
memory-
convolutional
0.001 ¢ = code
o
Ed
=3
o
0.0001 | | o
] 8
1 =1
1e-005 |- _ 2
7]
] @
1 A
1e-006 ——
-1 0 1 2 3 4 5
E,/N, [dB]

e Bit error rate curves for serially concatenated code example;

interleaver size 4-10° coded bits e 7
o o -
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SCC - BER Chart

o We identify three typical regions of the BER chart:

o The region of low E}, /Ny < Ej,/Np|cise With negligible iterative BER
reduction

e The turbo cliff region at about E;, /Ny ~ E}, /No|ciige With persistent
iterative BER reduction over many iterations

e The BER floor region for moderate to high E;,/Ny-values in which a
rather low BER can be reached after just a few number of iterations

e Property of the particular concatenation used

www.inue.uni-stuttgart.de
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' SCC - Inner Transfer Characteristics
[}
°
E e Experiment: Rate 1 mappings
2 e Compact definition of M-bit rate 1 mappings: regard vector
-3 realizations x and ¢ as integer values v, 0 < v < 2¥, with
g v =YM" u,, 2™, and v, correspondingly
g e The value v, serves as an index to the elements of a vector V
£ which contains the definition of the mapping
s
g V= (ve (v =0),ve (v =1) e ve (v =2 — 1))

e Example: The most simple mapping is the identity mapping ¢ = u,
given by the vector V;; = (0,1,2,....2¥ — 1); an arbitrary 2-bit
mapping is defined by V, = (0,3, 1,2), an arbitrary 3-bit mapping
by V3 =(0,4,1,2,3,5,7,6)

e There are (2¥)! different M-bit mappings possible; but many are
equivalent
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' SCC - Inner Transfer Characteristics
3
g e Conditional Mutual Information and Discrete A Priori Knowledge:
g o Assumption: AWGN channel, BPSK
_‘gi ¢ (Average) mutual information between transmitted information bit
g vector u and the noise-corrupted channel output vector y = x +n:
E 1(U:Y) = %P(gzz) l _4 p(&lu=u) ~1dp(ilé>u>d€o...déw.

M —fold integration

p(E|U = u) is the PDF of the AWGN channel
The bits u,, are independent, P(U,, =0) =P(U,, =1)=1/2

Consequently, the a priori probability of a vector realization u is
PU=u)=1/2M
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SCC - Inner Transfer Characteristics

¢ Chain rule of mutual information: write 7(U;Y) as a sum of M
bitwise conditional mutual informations 1,

Tr-\b'&"\\r"“‘
M-1 Eb
1(U:Y) = ZIL—M-CG< > <M
T(}L L=0

. 0-toud
e [; is a short-hand notation gf

I, =1 (Uy:;Y |L other bits known) _ playen b
L/’_\/_

0<r, <1 t'(((jV‘v1W 70\/\0%/(40,2\”
e The bar indicates that I; is averaged
» over bitwise mutual information with respect to all M bits
e all possible (MZI) combinations to choose L known bits out of the
total of M — 1 other bits
o and over all 2F bit vector realizations thereof
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SCC - Inner Transfer Characteristics

e Vector channel 0 < I(U;Y) < M can be viewed as being composed
of M parallel sub-channels with mutual information 0 <1;, < 1 each

o Allows interesting interpretation:

e The mapping only influences the partitioning of the total amount of
mutual information M - C; among the different conditional
sub-channels I,

e whereas the sum Y I; always adds up to the constant value M - Cg,
independently of the applied mapping

www.inue.uni-stuttgart.de

¢ Quantities I;, are well suited for characterizing different mappings

e Partitioning of mutual information among the sub-channels 7, has
a strong impact on the behavior of the particular mapping in an
iterative decoding scheme
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' SCC - Inner Transfer Characteristics  ©=5
3 e wlr 1}
< e Example: 5-bit mappings — =
5 e Two randomly chosen examples (Ej, /Ny = 1dB assuming R = 1/2)
:g 5-bit M =5 parallel sub-channels 1,
- mappings | o] | s | o, [[Th=Mce
g Vs.ia 0.562 | 0.562 | 0.562 | 0.562 | 0.562 2.81
2 Vs, 0.416 | 0.487 | 0.562 | 0.638 | 0.708 2.81
S Vs2 0249 | 0410 | 0574 | 0.730 | 0.848 2.81
§ e The mappings are defined as /

Vsia=(0,1,2,..,30,31)

Vs, = (17,16,8,0,4,20, 12,28, 18,26,2,7,6,22, 14,30, L
1,9,25,24,5,21,13,29,3,19,11,27,23,15,31,10) «/U,.Lc ™~

Vs, = (29,10,31,27,21,17,8,22,30,6,9, 12, 1,13, 14,26,
19,24,5,16,28,2,7,15,25,3,20,23,18,4,0,11) "

For the identity mapping we find I; = Cg
For other mappings: I; increaseswith L, I; | <I;, 1<L<M
Chain rule: the I; sum up to constant M - Cg for all mappings
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SCC - Inner Transfer Characteristics

b
Gaussian (Continuous) A Priori Knowledge:

From simulations of actual decoder: Extrinsic L-values E; tend to
be Gaussian-like distributed

N(0,52)
transmitted bit AWGN ;’g'eor:;:gl;
ﬁA
h L-value A=uw+n
calc. =Ha A

Model a priori input A as an independent Gaussian random
variable n, with variance o3 and mean zero

In conjunction with the known transmitted inner information bits
i=1-2u,ic {1}, we write

with uy =2/67 and o3 = 4/63
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SCC - Inner Transfer Characteristics

/ Dfpex . v
%JWKKQ J

ot
~v

£ at output of demapper
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ks

= k]
m I) 5 0.4
2
S \’]/ g o2
T
E extrinsic transfer characteristic of
© 5-bit mapping V , at different E /N,
0 ] . . .
0 0.2 0.4 0.6 0.8 1

apriori information 1, at input of demapper
e Transfer characteristics for Gaussian distributed a priori knowledg?
e Note: I/(0) and Iz (1) independent of a priori distribution
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scc -@%sfer Characteris

1

WS i Qak B4 Wommon

Universitat Stuttgart

inner rate‘l non-recursi‘ve
convolutional code
5 memory 1, G =03 —%— in
fal A 2]
; oAl \
sjE F 5 E,/N,= 1.0dB - >
N fm 0.6 <
E -—
5
S inner rate 1 recursive
E 04 convolutional codes
g memory 1, (G,, G)=(03, 02) —e—g; —_—
e memory 2, (G,, G)=(07, 04) —=—
T“; memory 3, (G,, G)=(017, 010) —+— ’
£ - memory 4, (G,, G)=(037, 020) —A—
g 02 memory 2, (G,, G)=(07, 05) —&— B‘
© memory 3, (G, G)=(013, 010) —&— N
memory 3, (G,, G)=(011, 013) & Nown - et
o memory 4, (G,, G)=(026, 037) —A—
0.2 0.4 0.6 0.8 1
a priori input 1, to inner decoder _— —j A
2
¢ Extrinsic transfer characteristics of some inner rate 1 codes
¢ Note: Non-recursive codes do not go up to Ig, (1) ~ 1
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' SCC - Outer Transfer Characteristic
%
£ ¢ In the same way as for inner codes, we can derive transfer
5 characteristics of the outer code
::'s_' e We consider the a priori information I, = I(C>;A,), and the
it extrinsic information I, = I(C>; E») of the decoder output, to get
e the transfer characteristic
[}
2 Ig, = To(Iy,)
E e For the computation we assume A, to be Gaussian distributed,

and measure histograms pg, (§|C, =0), pg, (§|C2 = 1)

e The outer transfer characteristics are independent of the
E,/Np-value

o Note that the axes are swapped: Input I,, is on ordinate, output I,
on abscissa

e This is in preparation of the design tool where we connect both
inner and outer transfer characteristic in a single diagram (EXIT
chart)
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L.,
SCC - Outer Transfer Characteristic C——->|

. ‘(E/?“/ﬁ

3 A
) — repetition code (diagonal line)
a —#— block code, (K,N;G)=(2,4,01,03)
te)) —e— block code, (K,N;G))=(3,6;03,05,06) <
k=] 0.8 | —A— block code, (K,N;G))=(4,8;07,013,015,016) _3
3 €.
- o
7] 4
e 8
2
g 5 06 // O(ﬂh bV LC\ o/
3 P A : —
S “ 2 )
= B __——
; E- 0.4
S " w\, s memory 1, (G, G)=(03,02) —o—
S | V\ P a memory 2, (G,, G)=(07,05) —&—
© memory 3, (G,, G)=(013,015) ¢
0.2 memory 4, (G, G)=(023,037) —4—
memory 5, (G, G)=(067,045) —v—

memory 6, (G,, G)=(0147,0117) —x— @.‘L ()h l/‘

memory 8, (G,, G)=(0435,0777) —x—

0 0.2 0.4 0.6

0.8 1 1 (
extrinsic output I, of outer decoder /A

e Extrinsic transfer characteristics of some outer rate 1/2 codes
» Note: Rate 1/2 repetition code is just diagonal line I, = I,
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' SCC - Extrinsic Information Transfer Chart
3
E: e To account for the iterative nature of the sub-optimal decoding
2 algorithm, both decoder characteristics are plotted into a single
.3 diagram; for second decoder, axes are swapped
= e This diagram is referred to as extrinsic information transfer chart
3 (EXIT chart) since the exchange of extrinsic information can be
g visualized as a decoding trajectory
§ ¢ Provided that independence (large interleaver) and Gaussian
s assumptions hold for modelling extrinsic information (a priori

information respectively), the decoding trajectory that can be
graphically obtained by simply drawing a zigzag-path into the EXIT
chart (bounded by the decoder transfer characteristics) should
match with the trajectory computed by simulations

o for simulations (next), interleaver size 4 - 10° coded bits used

S. ten Brink Iterative Detection and Decoding 24.04.2015 60/118



INSTITUTE OF TELECOMMUNICATIONS Universitat Stuttgart

SCC - EXIT Chart

inner decoder, rate 1, memory 1
©.6=0302  Hor [ Cles

outer decoder, rate 1/2, memory 2
081 = (G .6)=(07.05)

I lex

www.inue.uni-stuttgart.de

(N 0 0.2 0.4 0.6 0.8 1
0 o |
Al' 'E2

e E,/Ny = 0.6dB, trajectory gets stuck
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SCC - EXIT Chart

inner decoder, rate 1, memory 1
(G,G)=(03,02)

outer decoder, rate 1/2, memory 2
081 = (G .6)=(07.05)

I lex

www.inue.uni-stuttgart.de

lav le2

e E,/Ny = 1.1dB, convergence to low BER through narrow tunnel
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SCC - EXIT Chart
[}
1 . . . . e
[ = inner decoder, rate 1, memory 1
% (G,G)=(03,02) 06V~ -
—
— outer decoder, rate 1/2, memory 2
=1 081 ~® (G 6)=(07,05)
-
K E?/
(= (x) 255
=' 0.6 <
[} : o
E ] 38
.E _ﬁ _d
= 0.4
40 iterations
s 0.1 K
0.6dB &
0.2 @
0.01f
L h L
1.0 1.05 11
E,/N, [dB]
0 R
0 0.2 0.4 0.6 0.8 1
IAl‘ IEZ

e E,/Ny = 2.5dB, convergence tunnel wide open
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SCC - EXIT Chart

e For E,/Ny = 0.6dB the trajectory gets stuck

e For E,/Ny = 1.1dB the inner transfer characteristic has been raised
just high enough to open a narrow tunnel (“bottleneck”) for the
trajectory to “sneak through” and to converge towards low BER
(=~ 1079, depending on interleaver size)

o At E,/Ny =2.5dB, less iterations are needed to get down to low
BER

e For short interleavers the trajectory tends to diverge from the
characteristics towards smaller extrinsic output after a few
iterations, owing to increasing correlation of extrinsic information

e Main advantage of EXIT chart:

www.inue.uni-stuttgart.de

o Only simulations of individual component decoders are required
e Transfer characteristics can be used in any combination
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SCC - BER from EXIT Chart

Q
<] 1 e
:‘ .
001
g 0.02
ot el .
5 08 004 .
({) _ 006 .. c.
c " 008 A / S
’ 06 01, . . . e
g . 0.1 . - N, "\. o . ﬂ|,
£ g ol W ( (’
;‘ —= "+ decoding trajectory - | .
; 04k étl.sdg . \ no \b&to‘
' o 04/1 Co o(A""J
0.2 inner decoder transfer characteristic at 1.3d8 ' ) Lﬂ‘\
. rate 1, memory 1, (G ,G)=(03,02) ‘ s
03 outer decoder, rate 1/2, memory 2 g
(G,.G)=(07,05)
0 . .
0 0.2 0.4 0.6 0.8 1

o Note: BER contour lines are independent of the E},/Ny-value
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SCC - Code Design Examples

1 1
08 ‘5 08
3
2 I’
0.6 0.6
%
_m & u S
- Q7 - Y
B &
— <
0.4 0.4
decoding trajectory decoding trajectory
at 0.5dB at0.5dB
02 inner decoder, rate 1, memory 4 02 inner decodeE rate 1, mem_ory3
(G,.G)=(034,037), 1,,=1/50 4~ (6,.G)=(017,07), r,,=1/50
outer repetition code (diagonal line) —— outer repetition code (diagonal line) —
o 0
[ 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Ino lea larr le2

Pinch-off 0.41dB Pinch-off 0.27dB

e Quter repetition codes and systematic doping yields early turbo
cliffs
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Outline

@ Parallel Concatenated Codes (PCC)
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PCC - Encoder gnd Iterative Decoder

binary
source

systematic (information) bits U O

R M
Py o o
puncture parity bits

2nd
encoder

<1
\ <t
L WAl b
systematic bits binary
and 1st parity bits \ deinterleaver der::?;ldon sink
1| E D,

APP
decoder

I-I N information bits ~

A, coded bits _¥"

£y with respect to APP

systematic bits and 2nd parity bits processing block
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PCC - Encoder and lterative Decoder

Iterative “turbo” decoding was introduced by C. Berrou, A.
Glavieux in 1993

First scheme to make use of extrinsic information
Typically, PCC are systematic

The classic turbo codes of 1993 consist of memory 4 constituent
codes with polynomials (G,,G) = (037,021).

www.inue.uni-stuttgart.de
[ ]
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A

PCC - Transfer Characteristics

o
©

www.inue.uni-stuttgart.de

mutual information | at output of decoder
o
o

I
N

rate 2/3, parity bits punctured
memory 4, (G,, G)=(023, 037) —A—

0 0.‘2 0.‘4 0.6 0.8 1
mutual information I, at input of decoder _—
Ta
e Rate 2/3 constituent codes (for rate 1/2 PCC)
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—
o
O)
= -
3 g o8 g o8
- S E,/N, = 0.8dB 8
(] g ]
L s = - E,/N, = 0.8dB
— 5 =0.
c ; l, N = /No
=) g2 o6 2 os
‘o 3 3
() P =
3 w w
= s S
Foe T 04 rate 2/3 T 04
= 5 = | 5
k] (G, G)=(03, 02), memory 1 s
= £ (07, 05), memory 2 —#— %
= E] (013, 015), memory 3 —e— 2 memory 4, rate 2/3
g 02 (023, 037), memory 4 —4— g 02 (G, G)=(023, 035) —&—
(067, 045), memory 5 —&— (023, 037) —A—
(0147, 0117), memory 6 —8— (023,011) —6—
(0435, 0777), memory 8 —&— (037,021) ——
. . . . . . . . 0 . . . . . . . .
0 02 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
mutual information 1,, at input of decoder mutual information 1,, at input of decoder

Different code memory (left), different code polynomials for
memory fixed to 4 (right); E, /Ny = 0.8dB
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PCC - EXIT Chart

= z 7
c 2 v
B2 s
5 S 08
3 3 % ©
- o NG A
(/] 4 = o
A I}
g K
% =
g ‘El 0.6
1%
c £
3 g 2
s g
S = 0.4
5 0.
© N
; § \j’ 0.1
= «
2z AR ]
5 02
& A 0.01
E] $ > 06 065 07
5 — 8 /¥ E,/N, [dB]
o . . . . .
0 0.2 0.4 0.6 0.8 1

output I, of second decoder becomes input | , to first decoder
e PCC rate 1/2, memory 4, (G,,G) = (023,037); interleaver 10° bits
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A

PCC - Code Design Examples

o 1 1
'U_ 0.001 0.001"-,
T 001 001
1]
O)| _ i
= E,/N;=0.5dB E,/N,=0.5dB
=]
- _? <
@ E E
f=
=_ o1 : 01
[} rate 1/2, memory 4 7 rate 1/2, memory 6
E (G, G)=(022, 037) . (G, G)=(0102, 0147)
— 0 ) s
d 0 I | 10 Lo ! 1
A 2 Av 'e2
§ E 0.001-.. 4 0.001-
; 0.01. 0.01
E,/N;=0.5d8 E,/N,=0.5d8
< <
- ~ | (0110, 0141)
- - (0102, 0147)
0.1
rate 1/2, memory 6
(G, G)=(0110, 0141) rate 1/2, memory 6
0 0
0 I | 10 ha e 1

¢ Decoding trajectories for rate 1/2 PCC with turbo cliff below 0.5dB
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A

PCC - Webdemo

3
] Exitcharttor the given decodsr
T 1 . . - x r . - . .
S
= 0sh K
: o,
b~ o8 » 4
‘{) 7
— L4
c 07k » 1
.
72 .
() osh Id 4
3 -
-
c _v 05| 4 1
— S
s s’
o4f - 1
3 ,
s s
03 ’ E
.
L === SNA=1dB
bl + = = = 2 jiterative) decoder tor 1
S — terstionztor 1dB
RIS ’ —— GNA=15dE
, ——SNA=2dB
o ——SNA=25dB
o . . . L L

[ 01 02 03 04 05 0 07 08 08 1

¢ for your edutainment, turbo code webdemo
® http://webdemo.inue.uni-stuttgart.de/webdemos/03_theses/turboCodingh/
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Outline
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@ Low-Density Parity Check (LDPC) Codes
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’ LDPCC - Definitions
3
g ¢ Invented in 60’s, regained popularity in 1997 (irregular LDPCC)
2 e A (d,,d.)-regular LDPC code is a binary linear block code that has
-3 a parity-check matrix H q
g o with d, ones in each column H : Q = O
%5 e with d. ones in each row
g e Example: (d, =2, d. = 4)-regular LDPC code
; e Described by (N — K) x N matrix H (parity-check matrix) He” =0

b-k

=
I
S e

1 1 1 0
0 0 0 1
010 0
1 0 1 1

S = = O

0
1
0
1

S = = O

\,_\NT__,

H is sparse
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LDPCC - Irregular Code

N=8 variable nodes edge N-K=4 check nodes
(repetition codes) interleaving (parity check codes)

d,=4

—_o o —
—_o O —

0 0
1
1
1

(= =)

1
0
1
0

1
1
0
0
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LDPCC - Iterative Decoder

ety 2

variable node edge check node hﬁ.m.j )
decoder interleaving decoder decision sink
(repetition codes) (parity check codes)
Einn®)
from AWGN
channel | 1
(T M

www.inue.uni-stuttgart.de

e Variable node decoder: viewed as inner code, typically irregular
e Check node decoder: viewed as outer code, typically regular
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LDPCC - Component Decoders

VND

L
outgoing from
message L channel
toCND 1%

rate 1/4 repetition
code (degree 4)

incoming
messages
from CND

Li=Lp+Yj4L

S. ten Brink

JHLY~ HsgnLj :

Iterative Detection and Decoding

Universitat Stuttgart

|ncom|ng
messages

)
| Fw

4
Ve

. outgoing

rate 3/4 single message

i to VND
parity check code VD

(degree 4)
"y ety ook

g};g.(\#/!)

JF#
parity check weakest link dominates
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e repetition codes of rate 1/d, (here: E;,/No = 1dB atR=1/2)
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LDPCC - CND EXIT curves

/A 08 o
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nY%
o
[°4
AN

0.2

0 0.2 0.4 0.6 0.8 1

leeno

e single parity check codes of rate (d. — 1) /d. Jk:‘?vl
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LDPCC - Superposition of EXIT Curves

e Code design by mixing nodes of different degree (irregular
LDPCCQC)

e Transfer characteristic of resulting curve is a linear combination of
individual curves of respective degrees

e E.g., variable node curve (mixture of D different degrees)

D
Ipynp (Ia) = Z bilg ynp (Ia,dyj)

i=1

with edge fractions b;,

o

I
=

bi=1

1

e LDPC code design boils down to curve fitting in EXIT chart!
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906 E,/N,=0.6dB 206 Ey/No=1.5dB
877 b l
= no convergence = convergence
2 2
_Lioa4yf _o4y
0.2 02+
E,/N,=0.6dB, code rate 1/2 E,/N,=1.5dB, code rate 1/2
VND, all degree 3 —— VND, all degree 3 ——
CND, all degree 6 —— CND, all degree 6 ——
0 0
0 02 0.4 06 08 1 0 02 04 06 08 1
I/\,VND’ IE.CND IA,VND’ IE,CND

e Example of a regular L over AWGN channel
e Convergence to low bit error rate at 1.3dB
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go0s/ E,/N,=0.6dB Soe E,/N,=1.5dB
3 3 /
= convergence = / convergence
e | 2
w04 _ui04
02 E,/N,=0.6dB, code rate 1/2 02 E,/N;=1.508, code rate 1/2
VND, 50.8% degree 2, 41.9% degree 4, VND, 50.8% degree 2, 419% degree 4,
and 7.3% degree 18 and 7.3% degree 18
CND, all degree 8 — CND, all degree 8 —
0 0
0 0.2 04 06 08 1 0 0.2 04 06 08 1
IA‘\/ND’ IE‘CND length 50000bits IA,VND' IE‘CND

e Example of an irregular LDPC code over AWGN channel
e Convergence to low bit error rate at 0.6dB (issue: degree 2

variables...)
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L/

o LDPCC - Webdemo

Exit Curve for LDPC of certain degree profile with Rate :0.5

www.inue.uni-stuttgart.de

o 05 WAL i ¢ o comergencs <04 |
g
=
o
T 4 amrage =6 ]
K O avage =3 for £ =05
e=04
e=03
02 £=02 4
e=01
€=00
o Staircase with 18 iterations
0 02 04 06 o8 1
lawo 'ecnp

e for your edutainment, LDPC code webdemo
® http://webdemo.inue.uni-stuttgart.de/webdemos/03_theses/ldpcExit/
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Outline
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@ lterative Detection
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Iterative Detection - Basic Structures
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Iterative Detection - Inner MIMO Detector
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mutual information at output of detector I,
mutual information at output of detector I,

E,/N, = 3dB, Gray mapping, QPSK E,/N, = 3dB, Gray mapping, QPSK

. I 08 1 0 . . . 0.8
mutual information at input of detector I,,, mutual information at input of detector I,

-
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o
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‘48, 408,
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2x2, QPSK
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mutual information at output of detector I,
mutual information at output of detector I,

Gray mapping, QPSK

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
mutual information at input of detector 1., mutual information at input of detector I,

S. ten Brink Iterative Detection and Decoding 24.04.2015 96/118



INSTITUTE OF TELECOMMUNICATIONS Universitat Stuttgart

|

Iterative Detection - EXIT Chart

(V]
I 1 : : : :
% —-— 4x4, QPSK MIMO detector E /N, = 2dB
9 —A— 4x1, QPSK MIMO detector E,/N, = 9dB
= ©
od®_g
-3 08 R
e Ny
c
=
(0]
=]
s o
. =<
g E
s

outer rate 1/2 memory 2 PCC (8 internal iterations) ——
outer rate 1/2 memory 2 convolutional code —a—
0 L L L L
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Iterative Detection - Outer LDPC Codes

[}
]
t 1 1
o ’ = — —
= AnTT] =
-
5 >
- 0.8 0.8
w i
e
5 y

% Q o
o 5 0.6 5 0.6
3 =< <
= a )
= < g
S w04 / 504
S I I

0.2 0.2
combined inner 4x2 QPSK demapper 1 combined inner 4x2 QPSK demapper
[and irregular VND decoder at 3.3dB [1 ] and regular VND decoder (d,=3) at 3.3dB
o } [ outer CND decoder, degree d =6 —a— o i i i i outer CND decoder, degree d =6 —#—
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
le.conor lavnn le.cnpr Tavio

e irregular vs regular LDPC codes, 4 x 2 MIMO, E, /Ny = 3.3dB
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Future Trends

e recently, it was shown that spatially coupled codes (e.g.
convolutional LDPC codes) are “universal”

o can universally achieve capacity over binary-input memoryless
symmetric-output channels
e good for various detection front-ends...

¢ specific degree distribution design becomes obsolete

e 1960s: Gallager, LDPC codes, regular
\ e 1990s: MacKay, Richardson, Urbanke et al: make the
W\L’ get close to capacity
)V e 2010s: Kudekar, Richardson, Urbanke, unlversallt of s atlal‘
coupled (LDPC) codes: regular codes suffice

T kb b fpelar .. )

www.inue.uni-stuttgart.de
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’ Future Trends - Spatial Coupling
3
g e Degree profile optimization for dedicated channel detector, e.g.
2 ¢ MIMO detector (multiple antennas) 0\\\514 DVM
2 o equalizer (multipath channel) . \
= ¢ QAM mapping (QPSK, 16QAM...) L\Jl‘\[\ N\~
2 « differential coding Codda ©
2 e For each detector (or each channel), different degree profile
§ needed!
s e Thus, with spatially coupled codes as “universally good codes”...

¢ should be no matching to channel interface needed anymore!
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- Future Trends - Spatial Coupling

e Pariy check matrix a terminated convolutional LDPC code,

LY

Hyp

/.

Hy
H{ H,
| &,
al
H,, . Hp
H,
H,

Universitat Stuttgart

(L+m)M’ < LN'

e slightirregularities (in check node degrees) kick off decoding wave
below BP threshold (but above MAP threshold)
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e Regular (3,6) code, extended into an COM L =100;
E;,/Ny = 0.85dB ey R0 e ”““;"'
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Future Trends - Spatial Coupling

1

‘Micro- Tl .
To-Nconvergenge .

Izvnp- 1a,cnp

B R
an\wct’ 05\‘

0 0.2 0.4 0.6 0.8 1
Ta.vap, TE onD

¢ Tunneling through the pinch-off... against conventional wisdom;
better than BP threshold

[, Modulation/Detection with Spatially Coupled Codes®, L. Schmalen, tB, IEEE/ITG Conf. on. SCC, Jan. 2013]
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- Future Trends - Spatial Coupling, Detection Experiment

e experiment: spat. coupled code with BICM-detector
e three different labelings (16-QAM)

e Gray labeling (most flat detector EXIT curve)
o set partitioning (SP)
e M16a (from PhD thesis, F. Schreckenbach): steepest slope
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Future Trends - Spatial Coupling, Detection Experiment

0.75

Code rate Ry,
(=]
;]

I
oy
n

0.6

4 45 5 5.5 6
Ey /Ny [dB]

e density evolution on protograph; replication factor up to L = 100
e capacity of 16-QAM with rate R — 3/4-code at E;, /Ny ~ 4.53dB

[, Modulation/Detection with Spatially Coupled Codes®, L. Schmalen, tB, IEEE/ITG Conf. on. SCC, Jan. 2013]
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Future Trends - Spatial Cou Y!ing, Detection Experiment

—f T ?»ﬂWL

DE THRESHOLDS FOR THE SPATIALLY COUPLED AND

ENSEMBLES FOR BICM-ID; CAPACITY LimiT £ . )
2 Ty K oiers

X E Code Gray SP 16a

de | 4.712dB  4.577dB_ 4.745dB

me\&wr\u( Opt irregular (for Gray)
Opt. irregular (for SP
m( le “’\' P! gular ( )

Opt. irregular (for M16a)
Lo st s Ao—,
e simulation results: L =50, codeword length N = 200000 bits,
16-QAM with rate R — 3/4-code
¢ spatially coupled codes (regular) can be universally good
e avoids degree 2 variable nodes, ... COJJ 85 \2& «2 oé» “ (

[, Modulation/Detection with Spatially Coupled Codes*, L. Schmalen, tB, IEEE/ITG Conf. on. SCC, Jan. 2013] ﬂg(\/ M\t
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Iterative decoding: to approach capacity

Iterative detection and decoding: include channel interface in
iterative decoding loop

LDPC codes: Degree profile matching

Spatially Coupled Codes: Can be universally good, regular codes
suffice

Most communication problems in practice can benefit from
iterative detection and decoding

%@ﬁz &@a«« ku%é»-/
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