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Abstract

Optimal solution to the universal hypothesis testing problem suffers from high variance for
large alphabet distributions. We propose a new approach to this problem that addresses this
issue. Our solution is based on the mismatched divergence which is a new lower bound
on Kullback-Leibler divergence (i.e., relative entropy). We present results on the asymptotic
statistics of our test statistic and geometry of our mismatched test.

Universal Hypothesis Testing

e Observations Z = {Zy : t = 1,...} i.i.d. sequence evolving on A = {aj,a9,...,an}
0

e Objective: Determine if marginal distribution is 7 or some other distribution

e For given alternate distribution 7!, define error-exponents

1
Jg = lim inf —log(P, o{on(Z1, ..., Zy) = 1}),

n—a~oo n

Jé = lim inf —llog(PW1{¢n(Zl, oy Zn) =0}).

n—a~oo n
e Criterion for optimizing test sequence {¢n}:

By = sup{Jqlb . subject to Jg >n}

We seek universal solution that is oblivious of 7

Properties of Mismatched Divergence

e Consider parametric family of distributions

E.={#":reR% where 7" = mexp(fr — Ar(fr))
We have a generalized Pythagorean equality:
D*(v|x) = D(v||x) — D(v|}7())
where 7(v) is the reverse I-projection of v onto E, i.e.,

7(v) = argmin D(v||u)
pek

For v = 1", 7 is the ML estimate of underlying distribution from E

e For log-linear class mismatched divergence is a robust rate function

D™(v||m) = in{P D(v||p), where P is some linear family of distributions
HE
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Hoeftding’s Universal Solution

e Define empirical distribution (type): 1" (a) = % P {Zi=a}, ac A
e Hoeffding’s Test [Hoe65|, [ZGI1]:

on(Z1, Zas . Zn) = {D(T"|7") > n}

e Solution unreliable for large alphabet size (IV) and moderate sequence length (n)

o Suppose Z; ~ 7, then D(I'"||7Y) — 0, and,

lim E[nD(I"||x")]

n—oo

lim Var [nD(I"||7x")]

n—oo
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e High bias (2) is easily addressed by varying threshold since the bias is high even under
the alternate distribution:

Suppose Z; ~ !, then D(I"||7Y) — D(z!||xY), and,

lim E[n(D(I"||7) — D(x'||x"))] = 5(N — 1)

n—oo

How can we reduce the high variance?”

H={y:{y,f) = (v, )} n = D" (v|r) = D(x(v)|)

Asymptotics of Mismatched Test Statistic

o If Z; ~ 7 and F is d-dimensional, we have

lim E[nD"(I"||x")]

n—oo

lim Var [n D" (I"||7x")]

n—oo

Mismatched Divergence

Notation: For distribution m and function f,

N
w(f) =Y fla;)m Ar(f) = log(m(el))
1=1

Variational representation of divergence as a supremum over functions

D(v]|1a) = St}p(m(f) — Ay, ()

Supremum is achieved by the LLR function log Z—;

e Mismatched divergence is a relaxation

D*™(vy||v) = sup {v1(f) — Au,(f)}
feF

where F is a d-dimensional function class F = {f, : r € Rd}

e Mismatched test:
(21, Za, ..., Zy) = {D™(T"|7") > n}

I[f F contains {r 1og77;—(1) -1 > 0}, then {¢™} achieves the supremum J},, = Gy in (1)

Prior information regarding alternate hypotheses can be
utilized in designing function class

o If Z; ~ 7wl and F contains LLR function L = log %() Then we have, with o%:=Cov_1(L),

- MM/ 0y 1.0 _ 1
lim Eln (DI |7) — D(r||)] 2d
- L/ g 0 L 2
nh_)moo Var [n2D™(I™||77)] = o7
d.

n2(D™(I"|7") — D(a[|x")) —=— N(0,07).

n—oo

e Bias and variance also computable when L ¢ F

Lower bias and variance for large alphabet size
Tradeofl between power of test and bias-variance performance
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