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Abstract—The capacity bound and achievable rates are estab-
lished for half-duplex Gaussian relay channel when the noises
at the relay and the receiver are correlated. We compare the
Decode-and-Forward and Compress-and-Forward strategies and
show that none of them outperforms each other with arbitrary
noises correlation coefficient. The capacity-achieving cases are
also discussed for given time-division parameter. Moreover, the
theorems for the capacity-achieving cases also hold after opti-
mizing the time-division parameter.

I. INTRODUCTION

The relay channel was introduced by van der Meulen in
[1] where the transmitter can communicate with the receiver
using the help of relay node. Cover thoroughly analyzed
relay channels in [2] by presenting a max-flow min-cut upper
bound and two lower bounds for the relay channel capacity.
The strategies corresponding to the lower bounds are called
Decode-and-Forward (DF) and Compress-and-Forward (CF),
separately. A general lower bound is also discussed in [2]
by combining the block-Markov coding and side-information
scheme. In [3], Jinhua provides the capacity for Gaussian relay
channel with correlated noises at the relay and the receiver.

In the previously mentioned work, the relay is assumed
to receive and transmit under the full-duplex mode (at the
same time or within the same frequency band), which is
unrealistic in practice. El Gamal discusses the half-duplex
mode in frequency domain [4]. The time-division manner is
presented by Host-Madsen in [5], where the upper bound and
lower bounds of the channel capacity are given. The relay
node is in the receive mode for the first α fraction of time and
it can only transmit in the rest 1 − α fraction. In [5], Host-
Madsen also shows that the time-division parameter α needs
to be done numerically.

In this paper, we investigate the half-duplex Gaussian relay
channel with correlated noises. The max-flow min-cut upper
bound is discussed for this setting. The achievable rates of DF
and CF are also given in the half-duplex mode with the cor-
related noises. Based on the process of DF, the relay decodes
the information from the transmitter first and encodes again
before transmitting to the receiver. Hence DF does not exploit
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Fig. 1. The Relay Channel Model.

the correlation between the noises at the relay and the receiver.
With CF strategy, relay compresses the received information
and forwards to the receiver as side-information, which may
utilize the correlated noises. We compare these two schemes
and show that none of them outperforms each other with
arbitrary correlation coefficient. We also discuss the capacity-
achieving cases for given time-division parameter. Moreover,
we show that the theorems for the capacity-achieving cases
also hold after optimizing the time-division parameter.

The rest of the paper is organized as follows: the channel
model is discussed in Section II. In Section III, we provide
the capacity bound for the half-duplex Gaussian relay channel
with correlated noises. The achievable rates and special cases
where they achieve the upper bound are presented in Section
IV. Numerical analysis are provided to compare DF and CF
strategies in Section V. Finally, we conclude the paper in
Section VI.

II. CHANNEL MODEL

Consider the Gaussian relay channel in Fig. 1. The trans-
mitter sends information to the receiver with the help of the
relay node. In practice, the full duplex mode is not applicable
because the relay cannot transmit and receive signals at the
same time (or within the same frequency band). Hence the
time-division case is considered in this paper while the relay
can only listen to the transmitter during the first α fraction of
time, and transmit in the left 1− α fraction.

The channel gain are presented by h21, h31 and h32 as
shown in Fig. 1. In the first α portion, the transmitted signal
at the transmitter is X

(1)
1 with average power constraints P

(1)
1 .

Figure 1: The Relay Channel Model

Half duplex: Time division with parameter α.

Correlated noises at the relay (N1) and the receiver (N).

Define SNRs as:
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Capacity Bound and Achievable Rates

The upper bound of the capacity:
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0≤ρx≤1
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Achievable Rates

The achievable rate of Decode-and-Forward:

RDF = max
0≤ρx≤1

min{R1(ρx),R2(ρx)},

where
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No utilization of the correlated noises.

DF can achieve the capacity when ρz =

√
γ

(1)
31 /γ21, which is

equivalent to the degraded relay channel.



Achievable Rates

The achievable rate of Compress-and-Forward:

RCF = αΓ
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where the quantization noise power Nw is obtained by
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CF can achieve the capacity when ρz =

√
γ21/γ

(1)
31 , which is

equivalent to the reversely-degraded relay channel.



Achievable Rates

The achievable rate of Amplify-and-Forward:
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Monotonic decrease in AF rate when ρz ∈ [−1, 0].



Capacity-achieving case: DF (α = 0.5)

h21 = 1
d , h32 = 1

1−d , h31 = 1, d ∈ (0, 1).
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Fig. 2. Rate vs. ρz , d = 0.4, α = 0.5.

are both set equal to P1; thus the average power constraint is satisfied). We also set N = N1 = 1.

A. Scenario 1

First consider the scenario in which the source, relay, and destination are aligned on a line. For all
the schemes, the time-division parameter α is set to 0.5 for a direct comparison with AF that has a fixed
requirement of α = 0.5. The distance between the source and the relay is d (0 < d < 1), and the distance
between the source and the destination is 1. The channel amplitude gain is inversely proportional to the
distance, which means:

h21 =
1

d
, h32 =

1

1− d
, h31 = 1, d ∈ (0, 1). (7)

The upper bound, the CF rate, the DF rate, the AF rate, and the achievable rate of direct transmissions
are plotted in Fig. 2 and Fig. 3 for different d values. The analysis of this scenario is similar to the full-
duplex case [3]. When d = 0.4, DF is always the best which means that the exploitation of correlation
noises is not necessary since the received SNR at the relay is high. However, when d = 0.8, CF
outperforms DF for most of ρz ∈ [−1, 1] since the SNR at the relay is relatively low such that the
exploitation of noise correlation brings more benefits. Also when ρz < 0, Theorem 1 is verified by
showing that negative noise correlations help AF improve the performance, which is even better than
that of DF for ρz ∈ [−1,−0.45]. Moreover, we also observe that the DF rate achieves the capacity
upper bound when ρz =

√
γ

(1)
31 /γ21, which confirms Theorem 2.

B. Scenario 2

Here we discuss another channel scenario, where the link between the source and the destination is
better than the link between the source and the relay:

h21 = r, h32 = 1− r, h31 = 1, r ∈ (0, 1). (8)

Figure 2: Rate vs. ρz , d = 0.4, α = 0.5.



Capacity-achieving case: DF (α = 0.5)

h21 = 1
d , h32 = 1

1−d , h31 = 1, d ∈ (0, 1).
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Fig. 3. Rate vs. ρz , d = 0.8, α = 0.5.
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Fig. 4. Rate vs. ρz , r = 0.4, α = 0.5.

Fig. 4 and Fig. 5 show the achievable rates of CF, DF, AF, and direct transmission, against the capacity
upper bound for different r values. It is shown that CF is always better than DF in this scenario. Since
the link between the source and the relay is weaker, there is no much gains by decoding and re-encoding
the messages at the relay. The capacity-achieving points of CF in Figs. 4 and 5 confirm Theorem 3.
Moreover, comparing Fig. 4 with Fig. 5, we see that CF achieves a higher rate when the link between
the relay and the destination is stronger due to the finer quantization at the relay. When r = 0.4, AF
also outperforms DF with the help of negative correlations in the range of ρz ∈ [−1,−0.7].

C. Optimization over α

We now discuss the improved upper bound and achievable rates by optimizing over α for DF and
CF under the first channel setting, with the results shown in Fig. 6 and Fig. 7.

Compared with the performance of α = 0.5 in Fig. 2 and Fig. 3, we see that the upper bound and the

Figure 3: Rate vs. ρz , d = 0.8, α = 0.5.



Capacity-achieving case: DF (optimal α)

h21 = 1
d , h32 = 1

1−d , h31 = 1, d ∈ (0, 1).
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Fig. 5. Rate vs. ρz , r = 0.8, α = 0.5.
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Fig. 6. Rate vs. ρz , d = 0.4, after optimizing over α.

achievable rates for DF and CF are increased by optimizing over α. When d = 0.8, CF is not dominant
over DF any more for most of ρz ∈ [−1, 1], which is different from the performance comparison at
α = 0.5. The range of ρz in which AF performs better than DF also shrinks after using optimal α in
the DF scheme.

Fig. 6 and Fig. 7 show that the capacity-achieving points are the same as the case of fixed α, which
means Theorem 2 still holds for optimal α. Similarly, we can also show that Theorem 3 holds at the
optimal α under the second channel setting.

VI. CONCLUSION

In this paper, we established upper and lower bounds on the capacity of half-duplex Gaussian relay
channels with arbitrarily correlated noises at the relay and the destination. The max-flow min-cut upper
bound was first provided; then DF, CF, and AF strategies were studied to derive the respective achievable

Figure 4: Rate vs. ρz , d = 0.4, at optimal α.



Capacity-achieving case: DF (optimal α)

h21 = 1
d , h32 = 1

1−d , h31 = 1, d ∈ (0, 1).
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Fig. 7. Rate vs. ρz , d = 0.8, after optimizing over α.

rates. We also discussed two capacity-achieving cases at special noise correlation coefficient values,
which are equivalent to the degraded relay channel and the reversely-degraded one established in [2].
The performance comparison among different strategies was conducted via numerical examples; it was
shown that negative noise correlations always help in AF and none of the strategies always outperforms
the others over different correlation coefficients, although DF completely disregards the noise correlation
information.
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Figure 5: Rate vs. ρz , d = 0.8, at optimal α.



Capacity-achieving case: CF (α = 0.5)

h21 = r , h32 = 1− r , h31 = 1, r ∈ (0, 1).
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Fig. 3. Rate vs. ρz , d = 0.8, α = 0.5.
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Fig. 4. Rate vs. ρz , r = 0.4, α = 0.5.

Fig. 4 and Fig. 5 show the achievable rates of CF, DF, AF, and direct transmission, against the capacity
upper bound for different r values. It is shown that CF is always better than DF in this scenario. Since
the link between the source and the relay is weaker, there is no much gains by decoding and re-encoding
the messages at the relay. The capacity-achieving points of CF in Figs. 4 and 5 confirm Theorem 3.
Moreover, comparing Fig. 4 with Fig. 5, we see that CF achieves a higher rate when the link between
the relay and the destination is stronger due to the finer quantization at the relay. When r = 0.4, AF
also outperforms DF with the help of negative correlations in the range of ρz ∈ [−1,−0.7].

C. Optimization over α

We now discuss the improved upper bound and achievable rates by optimizing over α for DF and
CF under the first channel setting, with the results shown in Fig. 6 and Fig. 7.

Compared with the performance of α = 0.5 in Fig. 2 and Fig. 3, we see that the upper bound and the

Figure 6: Rate vs. ρz , r = 0.4, α = 0.5.



Conclusion and Future Work

1 The relay channel with correlated noises is studied.

Upper bound, DF, CF, AF

2 Future work:

Power allocation

Coding scheme which utilizes the noises correlation
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