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Introduction
∙ Emerging applications, such as recommender systems,

motivate us to consider of novel information-theoretic
approaches to learning and inference. Collaborative
Filtering (CF) is chosen to test our approaches to these
types of problems.

∙ In particular, an information-theoretic framework is
proposed to analyze a model of collaborative filtering
problems. The motivating example, used throughout, is
the movie-rating prediction problem popularized by the
Netflix Prize.

∙ Consider a collection of 𝑁 users and 𝑀 movies with
𝐿 + 𝑇 noisy ratings, each generated by one user watch-
ing one movie. The main theoretical question is, “How
large should the number of observed ratings, 𝐿, be to
estimate the 𝑇 hidden ratings within some distortion
𝛿?”.

Model Description
Introducing a generative and probabilistic model for the
movie ratings:

∙ The basic idea is that a hidden (or latent) variable is in-
troduced for each user and each movie, and the movie
ratings are conditionally independent given these hid-
den variables. It is convenient to think of the hidden
variable for any user (or movie) as the user group
(or movie group) of that user (or movie). In this con-
text, the rating associated with a user-movie pair de-
pends only on the user group and the movie group. This
conditional independence assumption in the model im-
plies that

Pr (R𝑂∣U,V) ≜
𝐿∏

𝑖=1

𝑤
(
𝑅𝜋(𝑖),𝜎(𝑖)∣𝑈𝜋(𝑖), 𝑉𝜎(𝑖)

)
.

∙ Since graphs with local factorization properties (e.g.,
HMMs) have many advantages, we adopt a probabilistic
model based on a graphical model composed of 3 layers
(see Figure below). These layers separate the influ-
ence of user groups, movie groups, and observed rat-
ings. Moreover, for synthetic data, we could randomly
pick user (or movie) groups via random permutations.
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Step I: Initialization

𝑓
(0)
𝑛 (𝑢) = 𝑝𝑈(𝑢), ℎ

(0)
𝑚 (𝑣) = 𝑝𝑉 (𝑣), 𝑤

(0) (𝑟∣𝑢, 𝑣)

Step II: Recursive update

𝑓
(𝑖+1)
𝑛 (𝑢)∝

∑
𝑚∈𝒱𝑛

𝑓
(𝑖)
𝑛 (𝑢)

∑
𝑣∈[𝑔𝑚]

𝑤(𝑖) (𝑟𝑛,𝑚∣𝑢, 𝑣) ℎ(𝑖)𝑚 (𝑣

ℎ
(𝑖+1)
𝑚 (𝑣)∝

∑
𝑛∈𝒰𝑚

ℎ
(𝑖)
𝑚 (𝑣)

∑
𝑢∈[𝑔𝑢]

𝑤(𝑖) (𝑟𝑛,𝑚∣𝑢, 𝑣) 𝑓 (𝑖)𝑛 (𝑢)

𝑤(𝑖+1) (𝑟∣𝑢, 𝑣)∝
∑

(𝑛,𝑚):𝑟𝑛,𝑚=𝑟

𝑤(𝑖) (𝑟𝑛,𝑚∣𝑢, 𝑣) 𝑓 (𝑖+1)𝑛 (𝑢)ℎ
(𝑖+1)
𝑚 (𝑣)

Step III: Output

𝑝
(𝑖+1)
𝑅𝑛𝑚∣R𝑂

(𝑟)∝
∑
𝑢,𝑣

𝑓
(𝑖+1)
𝑛 (𝑢)ℎ

(𝑖+1)
𝑚 (𝑣)𝑤(𝑖+1) (𝑟∣𝑢, 𝑣)

𝑝
(𝑖+1)
𝑈𝑛∣R𝑂

(𝑢)=𝑓
(𝑖+1)
𝑛 (𝑢), 𝑝

(𝑖+1)
𝑉𝑚∣R𝑂

(𝑣)=ℎ
(𝑖+1)
𝑚 (𝑣)

MP Learning Algorithm
Step I: Initialization
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Theoretical Performance Analysis
∙ Density evolution (DE) is well-known technique for analyzing probabilistic message-passing inference algorithms that was

originally developed to analyze belief-propagation decoding of error-correcting codes and was later extended to more general
inference problems. It works under the assumption that the local neighborhood of each node is a tree. The DE update
equations for degree 𝑑 user and movie nodes are shown in below equations.
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).
∙ Since computation of ratings prediction matrix can be viewed as the product of three matrices, we consider the simplified class

of tri-factorized matrices to derive preliminary generalization error bounds of the model in terms of the training error as

𝜒𝑔𝑢,𝑔𝑣 ≜
{
𝑋∣𝑋 = 𝑈𝑇𝐺𝑉 where𝑈 ∈ [0, 1]𝑔𝑢×𝑁 , 𝑉 ∈ [0, 1]𝑔𝑣×𝑀 , 𝐺 ∈ {±1}𝑔𝑢×𝑔𝑣

}
.

Theorem 1 [Generalization Error Bound] For any matrix 𝑌 ∈ {±1}𝑁×𝑀 , 𝑁, 𝑀 > 2, 𝛿 > 0 and integers 𝑔𝑢 and 𝑔𝑣, with
probability at least 1− 𝛿 over choosing a subset 𝑂 of entries in 𝑌 uniformly among all subsets of ∣𝑂∣ entries

∀𝑋 ∈ 𝜒𝑔𝑢,𝑔𝑣, ∣𝐷𝐻 (𝑋, 𝑌 )−𝐷𝑂 (𝑋, 𝑌 ) ∣ <
√{

(𝑁𝑔𝑢 +𝑀𝑔𝑣 + 𝑔𝑢𝑔𝑣) log
12𝑒𝑀

min (𝑔𝑢, 𝑔𝑣)
− log 𝛿

}
/ (2∣𝑂∣).

Experimental Performance Analysis
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Conclusions
∙ Our results show that, while both methods perform similarly with large amounts of data, the MP algorithm is superior for small amounts of data. Another advantage of the MP algorithm

is that it can be analyzed using the technique of DE that was originally developed for MP decoding of error-correcting codes.

∙ One interesting aspect is the similar asymptotic behaviors between partial Netflix and synthetic dataset. This implies the proposed model approximates Netflix data generation more
closely than other simpler factor (or low rank matrix) models since noise process is built in the model. Note that this is a generative model which allows one to evaluate different learning
algorithms on synthetic data and compare the results with theoretical bounds.
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