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@06) & 07810885)2:&FCK&+)-8&(&(3*&018+)6:8 0788)65(1&,
X1,5 = 6-0, X274 = 1.0, X275 = 2. O

-
e 'l \\ Fd A X s
~~~~

~~~~~

125 = 3.0, Y145 = 3 0, Yi23s = 0, Y214 = 1.0, Y254 =0, YZ5 = 2.0, Y235 = 0

#D&

'&8034./&+800,5*&Q20.4.35HR&
X155 = = 6.0, X2,4 = 1.0, X255 = 2.0

s
e
o
s
-

Pl
SO((-0,5&,-.9820(6&13. 240@

f
D,(f)) = g+ * .0,
J J

FM58), &20(61& L#

F(y) = D1,2(3)+ D1,4(4) + D2,1(1)+ D23(0)
+D25(5) + D35(0) + Dy s(3) + Ds4(0)

#\&

'88034./&+800,5*6Q20.4.35HR&X = HY
G-.9&°07&8)65(&)85&(3*(&01&+)6:& 07&8)65(&

Yi2s = 3.0, Yias = 3.0, Yiz2as = 0, VY214 = 1.0, y254 = 0, Y25 = 2.0, Y235 = (

f = Ay
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1 1 §

1 1 g

1 1Y
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#X&
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X155 = = 6.0, X2,4 = 1.0, X255 = 2.0

PO(6&018..285)(- A&OT&.
F o= Dip@B+1)" D12@)+ Dos(5+!)" Das(5)

= (Dy5(3)+ Dys(5)+ of!)
PO(68018&-.285)(- J&&Onk

F = 1D (4)+ Dy53)! + of!)
PO(6801&H5285) (s IO
I'F =" e(D14(4)+ Dis5(3)e+ ofe)
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X2.4 = 1.0, X255 = 2.0
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e
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(cost of 148 125 Row deviation)
= 1(D32(3)+ D35(5)" Di4(4)" Dys(3)+ of!)

A0&)&15)(-0,5& BAE&*-.-*-a5(&20(6&-1&).H&O. ;;&-1&1088&5)2:&
),,& 078&-(&2)88-5H&0.8+)6:(&7-6:&*-.-*3*&]8(6&H58-M)4M5&, -.

#d&

'&8034./&+800,5%8Q20.4.35HR&
Let 6, = Prst derivative link length of path r.
Let 6,y = 6, > Oforanyr,r'! sforanys.
A continuous Bow deviation algorithm
|

W = {0 ey (6™ Or)e ™ Orerye (6" Or1)+} forr!l sl §
r'"s
dF (y(t : .
b0
o
= {"reyer e e VI D "oy e (O He)e d
rleer!eR
= {reyer e e V) D ey e (U D )4 )
rel!?r!elﬁ
= | "y (el )2
reRr'erR
0 #&

2.&+85M-03(&(,-H5B&N&)3H B @)&13.240.1&

@:5&+85M-03(&H-W585.4),&5_3)40.&108*&01
8034./&),/08-6:*&-/.085(&(65+&(-a5(1&&UST6E
5T)*+,5&(:07(&-*+086).258&01&(65+&(-a5(&

#%&

<586/(59)(&H:.)*-28&8034./&5T)*+,5&

HS:

N\ sal oome s

& 9 \\pm&

I \
34 E& . #;pm&
#& $&
$&\f =
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E#&
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e(-./&34,-6:813.240.(&60&)HH85((4
20./5(40.820.680,&

A0*5&20.2)M5&34,-6;&13.240.(1&
i) U(x) = Blogx (for some constant3 > 0)
| "

i) U(x) = - o (x* "1 1) (for some constantsa, 3 > 0, a * 1)

#
iy U(x)= 5 »*! (B! x)3$(for some constants3, > 0)

iv) U(x) =" gexp(! vx) (for some constanty > 0)

SC#DBRES$%6& EN&

e4,-6;&13.240.(&).H&20./5(40.&20.680,&Q20.4.35HR&

SYSTEM(U,A,D) (joint congestion control and routing
w/soft link constraints):
! ! !
max  Us(Xs) ! Di( )
s!'S jitd rijtr

subject to x = Hy

overx,y " O.

P:)./5&-.&00>524M58&-1& 07&-(&-.285)(5H&0.&( R RIDBEBELFK&HR8&
I = (Ug(xs)" D (f;)! + of!)

j'r
A0&)& 07&-(&0+4*),&108&6:5&A0A@\L&+800,5*&-1&).H&O.,;&-11&

Ul (xs) ! Dj! (fj), with equality if y, > 0, wheneverr " s" S,

ji"r

Ec&

K520%+0(-40.&3(-./&+8-25(&

S8-25&6)9-./&03;58(&

= & OQeRE

0/Q&RE

S8-M)65&M),3)40.&13.240.(&

',,02)40.(&QJ0&R&). H&&+E-ZR&Q

3+588A2:00,B8'3/3(68#SCHDBIESS Ed&

K520%+0(-40.&3(-./&+8-25(&

AQA@\L&+800,5*€01&+85M-03(&(,-H58.2).& 05&H520*+0(5H&-.60&
U\@hFJs&+800,5%&).H&eA\J&+800,5%(1&
NETWORK( ! ,H,A,D) (joint congestion control and routing
w/soft link constraints):
! ! !
max  !slog(xs) ! Di( )
ses jed rijer

4
4
4

,/'subject to x = Hy

4

4
) overx,y " O.

Di! ers from system problem:
Us(xs) is replaced bywslqg(x‘sr)(_w o

5&#SCHDBRESS%&
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K520%+0(-40.83(-./&+8-25(&Q20.4.35HR&

JSERs(Us, ! s):
maxUs — ! "¢
over"g" O.

F+4%),-6;&20.H-40.1&
Ui(#) ! 1s, with equality if "5 >0

For example, if Us(xs) = ! logxs,
then optimal !s is given by!s=1,.

NETWORK( ! ,H,A,D) (joint congestion control and routing
/soft link constraints):
! ! !
max  !slog(xs)! Di( )
SES jed rijer

subject to x = Hy

overx,y " O.
fi! Dj(f}), with equality if y; > 0
S jtr
JSERg(Us, ! s):

!

max Us IS [
=S

over"g" 0.

U{(+>) < s, with equality if 35> 0
D$&

E%&
K520%+0(-40.83(-./&+8-25(&Q20.4.35HR&
A+52-),-2)40.8&60&20./5(40.820.680,&),0.5&Q.0&8034./R&H0.06 & 6B JH3D@5:8.
SYSTEM(U,A,D) (for congestion control
with soft link constraints):
! ! !
max U.(x,) ! D;( Xr)
R jyJg gt
overx" 0.
The optimality conditions for this problem are
!
U/ (x) ! D; (f;), with equality if x, > 0, forall r " R.
i"r
D#&

=)8H&,-.9&20.(68)-.6(&

0%+ ZM
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|
&lo &
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ISYSTEM(U,H,A,C) (joint congestion control and routing w/hard link constraints):
!

max Us(Xs)
sl's

subject to

x=Hy, Ay! C

over

x,y" 0.

Optimality conditions for SYSTEM(U,H,A,C) : for some p = (yj :j €J)

lllj >0, with equality if f; <Cj, forj €J

Ul(xs) < Mj,  with equality if y; > 0, wheneverr € s€ S.
j"r

DD&

S80+0840.),&1)-8.5((&

IALLOCATE(U, A) |
max Ur (Xr)
r'rR
overx € A.

SupposeA is closed, convex, boundedl;'s concave. x* is optimal if and
only if I

U xf)(xe —xf) <0 forall x € A.
r'RrR

In caseU; (x;) = 5 logx, for all r, for some constants3; > 0, the optimality
condition becomes
" #
! #
: Xr — X
L2t <Oforall x € A.

Solution is proportionally fair allocation, with weight vector .

DX&

'HH-40.),&85)H-./&0.&8034./B&20./5(40.820.680,B&
).H&+8-2-./&
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Q

Xi(t+1)= Xi(t)+ Ai(t)! Di(t)+ Li(t) fori" {0,1}

o A(t) = (Aq(t),Ax(t)) is equal to (1,0) with probability au, (0,1) with
probability au, and A(t) = (0, 0) otherwise.

e Di(t): t > 0, areBernoulli (d;) random variables, fori € {0, 1}
o All the A(t)Osp(t)Os, and,(t)Os are mutually independent

o Li(®)=(—=(Xi(t)+ Ai(t) —Di(1))) +

D%&
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If V is a function on S, then PV is debned by:
|

PV()=  p V()
jts

interpretation: PV(i)= E[V(X(t+1)|X(t) = i].
The drift vector of V(X (t)) is debPned by
dii) = E[V(X(t+ 1) [X(t) = i]t V().

Thatis, d= PV! V,ordi)= e p (V()! V(D).

Above are well-debned ifV is honnegative.
X#&.

Proposition (Foster-Lyapunov stability criterion) Suppose V : S! R, and C
is a Pnite subset ofS.

(@) If {i:V(i)" K} is pbnite forallK,andif PV# V " 0onS# C, then X is
recurrent.

(b) If 1 > 0 andbis a constant such thatPV # V " # ! + blc, then X is positive
recurrent.

' '
' TR R R A
[ P
' T 0 v s e N e e e o
.

Estimate of n
=
1S3

®

XE&

BF ~====~- -

Proposition (Moment bound) SupposeV, f, and g are nonnegative function:
on S and suppose

PV(@)! V()" f@)+ g(i) foralli# S 1)
In addition, suppose X is pos@ve recurrent, so that the means,f = ! f and

g= ! g are well-dePned. Thenf " g. (In particular, if g is bounded, theng is
bnite, and thereforef is bnite.)

Intuitive explanation: RHS is drift vector of V.
SinceV ! 0, for a bxed initial state:

[long-term average drift of V(X (t)))] ! O

XD&

Corollary (Combined Foster-Lyapunov stability criterion and moment bound)
SupposeV, f, and g are nonnegative functions onS such that

PV()! V(i)"! f(i)+gli) foralli#s )

In addition, suppose for somee > 0 that the set C debned byC = {i : f (i) <
g(i) + €} is Pnite. Then X is positive recurrent and f “ g. (In particular, if g
is bounded, theng is Pnite, and thereforef is Pnite.)

XX&
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Return to the example.
LetOs calculate drift forV (x) = ( x2 + x3)/ 2.

Note that!
(Xi(t+1) %= (X0 + Ai®) ! Di()+ Li®)>" (Xi(t)+ Ai(t)! Di(1)?

So:!
PV(z)! V(z) = E[V(X(t+1)|X({t)= ]! V(z)
12
%' El(ai + A()! D)2 22X (t) = ]
i=1
[2
= HE[A @) D)X (1) = 2]+ %E[(Ai ! Di)?X(1) = a]

=1 #
!2
G E[A@)! Di()IX() = 2] +1
i=1
= | (z1(dr! au) + zo(dp! am))+1

How can we apply the corollary?! g

Supposea<d; + d,.
Then can chooseu so that au<d; andau<d,.
Apply Corollary with

f (x)
g(x) =

any e >

x1(dy ! au) + xo(dp ! au)

Conclude: Markov process is positive recurrent, and

(dl ! au)Tl+ ( dy! aU)Yz "ol

Xc&

d

1
\T65.H&B60&H;.)*-288034./18&
("OHSEH"&N="(HB(R;& a u
u d.
:

2
PRSV(X)! V(x) inE[Ai(t)! Di())IX (1) = x]+1

i=1
= a(xll(xl! x2} T X2|(x1>x 2}) Iodixy ! doxo +1

Note that
X1|{X1! x2} T X2|{x1>x 2} I uxq, + UX»
for any u™ [0, 1], with equality for u= I, x,}-

Conclude: Markov process is positive recurren
and foranyu! [0,1]:

(di" au)X;+(dy" au)X, # 1

Xd&

' 06:58&5T)*+,5|&&20.680,8&01&)&280((0)8&(7-62:8&

11

input 1 2

%
%

output 1

e

output 2

—

output 3

output 4
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P0.680,8018)8280((0)8&(7-62:8020.4.35HRE
Xij (t+1)= X )+ Ay (1) Ry (1 (1) + Ly (1)

Ij < 1foralli and
j'E il E

lj < 1forall]

Let | = L (maximum line sum of 1)

N
Then there is a probability distribution u" on II
sothat"j +!! wj(u'), where
!
W (u) = Rij (#)u(#).
[

X%&

P0.680,8018)&280((0)8&(7-62:&Q20.4.35HR&

Try V(x)= 3 ;; x¢. As before,
PVOOL V)" xi E[AG () Ry (H(0)IX (1) = X]‘f% E[(A; (! Ry (! ()X (1) = x]
] 0]
ow
E[A; (1)! Ry ()X ()= xI= E[Aj ()} Ry (L) = "5 ! Wy (u')"! #
and

DA O Ry CO)IXO= X" 2 EIA )7+ (Ry (L O)7]" K
i 0]

!
hereK = (N + ;; Kj). Thus,

# %
PV(X)! V(x)"! #3  x; &+K
)
ITherefore, by the Corollary, the process is positive recurrent, and
v « K

X ij - N$&
ij %

P0.680,&01&)&280((0)8&(7-62:8&Q20.4.35HR&
MW (x) =argmax X Ry (1)
AR
PMW v(x)! V(x)"

oy Ry OMW @) 0 ()
ij ! ij

xij Ry (1)

xij pij (u)

xj (i ! Ry MY 00N+ K

M&

' 06:58&5T)*+,51&&n)H-./&2:)..5,&*0H5, 18&&
K;.)*-2&(68)65/;18,0./5(6820..5265H&_3535&

Fading

AB)O-,-6;&20.H-40.1&
Forall B! E with B =#:
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A)! At! u)" f(u)forall0O" u" t.
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Note: If f (u)+ f(v)! f(u+ v)for someu,v" 1, then
we can decreasé (u + v) without changing the condition.
Can also set f (0) =
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the subadditive closureof f , is debned byf' (0) =0, and for u! 1:
f'(u)=min {f (u)+ 4&&f (up):n! 1,u; ! 1for eachi, andus+ aééu, = u}
Equivalently, f' is such that:

@) f'" f

b) f' is subadditive;f'(s+t)" f'(s)+ f'(t)all s,t! 0.

c) If gis any other function with g(0) = 0 satisfying (a) and (b), then g" f

cc&

A0*5&.06)40.1&J52),,&6:)6& 8@8;;$(&3"1%#(4218A&
At)—At—u)<f(u)for0<u<t.

Equivalently, A(t) <A(t —u)+f (u) for 0 <u <t.
r, equivalently, A < A !f | where A!f (t) = ming 1 t A(t —u) +f (u)

Or, equivalently still, A <Al
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Proposition A maximal regulator for f is
determined by the relation B = A I'f *,
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I
B(t) = orpiuq tA(t! u)+ f (u)

Proof: If B is the output of
some other f-regulator with input A,
B=B!f'! Alf'=B
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Corollary Supposef; and f, are nondecreasing functions onZ. with
f1(0) = f2(0) = 0. Two maximal regulators in series, consisting of a maxima
regulator for f, followed by a maximal regulator for f ,, is a maximal regulator
for f1! f,. In particular, the output is the same if the order of the two regulators
is reversed.

Proof Let A be the input to the brst regulator and let B be the output of
the second regulator. Then

B=(A!If{)! f5=Al(f{!1f))= Al (f1!fy),
where the last equality depends on the assumption thaf;(0) = f,(0) = 0. The

brst part of the corollary is proved. The second part follows from the uniquenes
of maximal regulators and the fact that f, ! f, = f, ! f;.
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A service curveis a nhondecreasing function fromZ .
to Z. . Given a service curvef , a server is anf -server
if for any input A, the output B satisbesB ! A!f .
Thatis, B(t) ! ming<s<t{A(s)+ f(t" s)}.
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Proposition The queue sizeA(t) ! B(t) is less than
or equal tody forany t" O, and if the order of service
is FIFO, the delay of any packet is less than or equal tody .
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