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y125 = 3.0, y145 = 3.0, y1235 = 0, y214 = 1.0, y254 = 0, y25 = 2.0, y235 = 0
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x1,5 = 6.0, x2,4 = 1.0, x2,5 = 2.0

F (y) = D1,2(3) + D1,4(4) + D2,1(1) + D2,3(0)

+ D2,5(5) + D3,5(0) + D4,5(3) + D5,4(0)

D j(f j) =
f j

Cj ! f j
+ f jdj
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1,4 =
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y
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y125 = 3.0, y145 = 3.0, y1235 = 0, y214 = 1.0, y254 = 0, y25 = 2.0, y235 = 0

x1,5 = 6.0, x2,4 = 1.0, x2,5 = 2.0

! F = D1,2(3 + ! ) " D1,2(3) + D2,5(5 + ! ) " D2,5(5)

= ! (D!
1,3(3) + D!

2,5(5)) + o(! )
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y125 = 3.0, y145 = 3.0, y1235 = 0, y214 = 1.0, y254 = 0, y25 = 2.0, y235 = 0

x1,5 = 6.0, x2,4 = 1.0, x2,5 = 2.0

(cost of 145! 125 ßow deviation)

= ! (D !
1,2(3) + D !

2,5(5) " D !
1,4(4) " D !

4,5(3)) + o(! )
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Let δr = Þrst derivative link length of path r.
Let θr,r ! = θr ! r > 0 for any r, r ! ! s for any s.
A continuous ßow deviation algorithm

úyr =
!

r ! " s

{ θr ! ,r yr ! (δr ! " δr )+ " θr,r ! yr (δr " δr ! )+ } for r ! s ! S

dF(y(t))
dt

=
!

r

! r úyr

=
!

r∈R

!

r !∈R

{ " r ! ,r yr ! ! r (! r ! ! ! r )+ ! " r,r ! yr ! r (! r ! ! r ! )+ }

=
!

r∈R

!

r !∈R

{ " r ! ,r yr ! ! r (! r ! ! ! r )+ ! " r ! ,r yr ! ! r ! (! r ! ! ! r )+ }

= !
!

r∈R

!

r !∈R

" r ! ,r yr ! (! r ! ! ! r )2
+

" 0

'&8034./&+80O,5*&Q20.4.35HR&

?.&+85M-03(&(,-H5B&n&)26(&)(&)&G;)+3.0M&13.240.I&

@:5&+85M-03(&H-W585.4),&5_3)40.&108*&01&)&
8034./&),/08-6:*&-/.085(&(65+&(-a5(I&&U5T6B&).&
5T)*+,5&(:07(&-*+086).25&01&(65+&(-a5(&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%& #%&

<586(59)(o(&H;.)*-2&8034./&5T)*+,5&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

H&

E$&m&

cpm&

^pm&

Xpm&

Dpm&

Epm&

#pm&

m&

$&

$&

$&

$&

$&

$&
$&

$&

$&

$&

$&

$&

$&
$&

c&
^&

X&

D&

E&

#&

$&



!"#$"$%&

c&

<586(59)(o(&5T)*+,5&Q20.4.35HR&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

H&

E#&m&

^pm&

Xpm&

Dpm&

Epm&
#pm&$&

$&

$&

$&

$&

$&
$&

$&

$&

$&

$&

$&

$&

$&

^&

X&

D&

E&

#&
$&

cpm&
dpm&

#&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

H&

EE&m&

^pm&

Xpm&

$&

$&

$&

$&

$&

$&
$&

$&

$&

$&

$&

$&

$&

$&

X&

D&

E&

#&

$&

cpm&

dpm&#&

E&

%pm&

!pm&

#$pm&

<586(59)(o(&5T)*+,5&Q20.4.35HR&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

H&

ED&m&

^&dpm&
$&

$&

$&

$&

$&

$&
$&
$&

$&

$&

$&

$&

$&

X&

D&

E&

#&

$&
c&

%pm&

!pm&

#$pm&

$&

##pm&

#Epm&

cpm&

<586(59)(o(&5T)*+,5&Q20.4.35HR&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

H&

EX&m&

^&
$&

$&

$&

$&

$&

$&

$& $&

$&

$&

$&

$&
$&

X&

D&

E&

#&

$&
c&

dpm&

%pm&

!pm&

#$pm&

$&
##pm&

#Epm&

cpm&

<586(59)(o(&5T)*+,5&Q20.4.35HR&



!"#$"$%&

d&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%& E^&

(i) U(x) = β logx (for some constantβ > 0)

(ii) U(x) =
!

!
1! "

"
(x1! " ! 1) (for some constantsα, β > 0, α "= 1)

(iii) U(x) = !
2

#
øx2 ! (øx ! x)2

+

$
(for some constantsβ, øx > 0)

(iv) U(x) = ! β exp(! γx) (for some constantγ > 0)

e(-./&34,-6;&13.240.(&60&)HH85((&
20./5(40.&20.680,&

A0*5&20.2)M5&34,-6;&13.240.(l&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%& Ec&

! = ( U!
s(xs) "

!

j " r

D !
j (f j )) ! + o(! )

P:)./5&-.&0O>524M5&-1&`07&-(&-.285)(5H&0.&(0*5&80365&8&108&(0*5&FK&+)-8&(l&

U!
s(xs) !

!

j " r

D !
j (f j ), with equality if yr > 0, whenever r " s " S.

A0&)&`07&; &-(&0+4*),&108&6:5&AqA@\L&+80O,5*&-1&).H&0.,;&-1l&
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SYSTEM(U,A,D) (joint congestion control and routing
w/soft link constraints):

max
!

s! S

Us(xs) !
!

j ! J

D j (
!

r :j ! r

yr )

subject to x = Hy

over x, y " 0.
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Di! ers from system problem:
US(xs) is replaced by wslog(xs)

NETWORK( ! ,H,A,D) (joint congestion control and routing
w/soft link constraints):

max
!

s∈S

! s log(xs) !
!

j ∈J

D j (
!

r :j ∈r

yr )

subject to x = Hy

over x, y " 0.
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USERs(Us, ! s):

maxUs

!
" s

! s

"
! " s

over " s " 0.

For example, if Us(xs) = ! s logxs,
then optimal ! s is given by ! s = ! s.

U !
s( ! s

" s
) ! ! s, with equality if " s > 0

F+4*),-6;&20.H-40.l&
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NETWORK( ! ,H,A,D) (joint congestion control and routing
w/soft link constraints):

max
!

s∈S

! s log(xs) !
!

j ∈J

D j (
!

r :j ∈r

yr )

subject to x = Hy

over x, y " 0.

βs

xs
!

!

j ! r

D "
j (f j ), with equality if yr > 0

USERs(Us, ! s):

maxUs

!
" s

! s

"
! " s

over " s " 0.

U ′
s( ! s

" s
) ≤ λs, with equality if βs > 0

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%& D#&

The optimality conditions for this problem are

U!
r (xr ) !

!

j " r

D !
j (f j ), with equality if xr > 0, for all r " R.

A+52-),-a)40.&60&20./5(40.&20.680,&),0.5&Q.0&8034./R&H0.o6&.55H&O06:&To(&).H&;o(&
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SYSTEM(U,A,D) (for congestion control
with soft link constraints):

max
!

r! R

Ur(xr) !
!

j! J

D j(
!

r:j! r

xr)

over x " 0.
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SYSTEM(U,H,A,C) (joint congestion control and routing w/hard link constraints):

max
!

s! S

Us(xs)

subject to
x = Hy, Ay ! C

over
x, y " 0.

Optimality conditions for SYSTEM(U,H,A,C) : for some µ = (µj : j ∈ J ),

µj ≥ 0, with equality if f j < C j , for j ∈ J

U!
s(xs) ≤

!

j " r

µj , with equality if yr > 0, whenever r ∈ s ∈ S.

=)8H&,-.9&20.(68)-.6(&Q20.4.35HR& S80+0840.),&1)-8.5((&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%& DX&

ALLOCATE(U, Λ)
max

!

r ! R

Ur (xr )

overx ∈ Λ.

SupposeΛ is closed, convex, bounded,U"
r s concave. x# is optimal if and

only if !

r ! R

Ur
"(x#

r )(xr − x#
r ) ≤ 0 for all x ∈ Λ.

In caseUr (xr ) = βr logxr for all r , for some constantsβr > 0, the optimality
condition becomes

!

r ! R

βr

"
xr − x#

r

x#
r

#
≤ 0 for all x ∈ Λ.

Solution is proportionally fair allocation, with weight vector β.
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Xi (t + 1) = Xi (t) + Ai (t) ! Di (t) + Li (t) for i " { 0, 1}

• A(t) = ( A1(t), A2(t)) is equal to (1, 0) with probability au, (0, 1) with
probability au, and A(t) = (0 , 0) otherwise.

• Di (t) : t ≥ 0, are Bernoulli (di ) random variables, for i ∈ {0, 1}

• All the A(t)Õs,D1(t)Õs, andD2(t)Õs are mutually independent

• L i (t) = ( −(X i (t) + Ai (t) − Di (t))) +

A0*5&H5].-40.(&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%& X$&

w-&g&*-.j9u#&l&xQ9Rg-k&
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If V is a function on S, then PV is deÞned by:

PV(i ) =
!

j ! S

pij V (j )

.
Interpretation: P V(i ) = E [V (X (t + 1)) |X (t) = i ].

The drift vector of V (X (t)) is deÞned by

d(i ) = E [V (X (t + 1)) |X (t) = i ] ! V (i ).

That is, d = PV ! V, or d(i ) =
"

j :j "= i pij (V (j ) ! V (i )) .

Above are well-deÞned ifV is nonnegative.
?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

XE&

Proposition (Foster-Lyapunov stability criterion) Suppose V : S ! R+ and C
is a Þnite subset ofS.
(a) If { i : V (i ) " K } is Þnite for all K , and if PV # V " 0 on S # C, then X is
recurrent.
(b) If ! > 0 and b is a constant such thatP V # V " # ! + bIC , then X is positive
recurrent.
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Proposition (Moment bound) SupposeV , f , and g are nonnegative functions
on S and suppose

P V(i ) ! V (i ) " ! f (i ) + g(i ) for all i # S (1)

In addition, suppose X is positive recurrent, so that the means,f = ! f and
g = ! g are well-deÞned. Thenf " g. (In particular, if g is bounded, theng is
Þnite, and thereforef is Þnite.)

Intuitive explanation: RHS is drift vector of V .
SinceV ! 0, for a Þxed initial state:

[long-term average drift of V (X (t)))] ! 0

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&
XX&

Corollary (Combined Foster-Lyapunov stability criterion and moment bound)
SupposeV, f, and g are nonnegative functions onS such that

P V(i ) ! V (i ) " ! f (i ) + g(i ) for all i # S (1)

In addition, suppose for someε > 0 that the set C deÞned byC = {i : f (i ) <
g(i ) + ε} is Þnite. Then X is positive recurrent and f " g. (In particular, if g
is bounded, theng is Þnite, and thereforef is Þnite.)
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Return to the example.
LetÕs calculate drift forV (x) = ( x2

1 + x2
2)/ 2.

(X i (t + 1)) 2 = ( X i (t) + Ai (t) ! D i (t) + L i (t)) 2 " (X i (t) + Ai (t) ! D i (t)) 2

Note that!

PV (x) ! V (x) = E[V (X(t + 1)) |X(t) = x] ! V (x)

"
1
2

2!

i =1

E[(xi + Ai (t) ! Di (t)) 2 ! x2
i |X(t) = x]

=
2!

i =1

xi E[Ai (t) ! Di (t)|X(t) = x] +
1
2
E[(Ai (t) ! Di (t)) 2|X(t) = x]

"

"
2!

i =1

xi E[Ai (t) ! Di (t)|X(t) = x]

#

+ 1

= ! (x1(d1 ! au) + x2(d2 ! au)) + 1

So:!

How can we apply the corollary?!
?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

Xc&

Supposea < d 1 + d2.
Then can chooseu so that au < d 1 and au < d 2.
Apply Corollary with

f (x) = x1(d1 ! au) + x2(d2 ! au)

g(x) = 1

any ε > 0.

Conclude: Markov process is positive recurrent, and

(d1 ! au)X 1 + ( d2 ! au)X 2 " 1.

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%& Xd&

\T65.H&60&H;.)*-2&8034./l&&
("0#$&#"&%="(#$(&+0,-2;&

u

queue 1

queue 2 2d

1d

a
u

PRS V (x) ! V (x) "
2∑

i =1

xi E [Ai (t) ! D i (t)) |X (t) = x] + 1

= a
(
x1I { x 1 ! x 2 } + x2I { x 1 >x 2 }

)
! d1x1 ! d2x2 + 1

Note that
x1I { x 1 ! x 2 } + x2I { x 1 >x 2 } ! ux1 + ux2

for any u " [0, 1], with equality for u = I { x 1 ! x 2 } .

Conclude: Markov process is positive recurrent,
and for any u ! [0, 1] :

(d1 " au)X 1 + ( d2 " au)X 2 # 1
?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

X!&

input 4

1,3

1,4

1,2

1,1

2,1

2,2

2,3

2,4

3,1

3,2

3,3

3,4

4,1

4,2

4,3

4,4

output 1

output 2

output 3

output 4

input 1

input 2

input 3
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X ij (t + 1) = X ij (t) + Aij (t) ! Rij (! (t)) + L ij (t)
!

j ! E

! ij < 1 for all i and
!

i ! E

! ij < 1 for all j

Let ! = 1! (maximum line sum of ! )
N .

Then there is a probability distribution u" on Π
so that " ij + ! ! µij (u" ), where

µij (u) =
!

! # "

Rij (#)u(#).

P0.680,&01&)&280((O)8&(7-62:&Q20.4.35HR&
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Try V (x) = 1
2

!
i,j x2

ij . As before,

PV(x)! V (x) "
"

i,j

xij E [Aij (t)! Rij (! (t)) |X ij (t) = x]+
1
2

"

i,j

E [(Aij (t)! Rij (! (t))) 2|X (t) = x].

Now

E[Aij (t) ! Rij (! (t)) |X ij (t) = x] = E [Aij (t) ! Rij (! (t))] = " ij ! µij (u! ) " ! #

and

1
2

"

i,j

E [(Aij (t) ! Rij (! (t))) 2|X (t) = x] "
1
2

"

i,j

E [(Aij (t)) 2 + ( Rij (! (t))) 2] " K

where K = 1
2 (N +

!
i,j K ij ). Thus,

PV(x) ! V (x) " ! #

#

$
"

ij

xij

%

& + K

Therefore, by the Corollary, the process is positive recurrent, and

"

ij

X ij "
K
#

P0.680,&01&)&280((O)8&(7-62:&Q20.4.35HR&
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! MW (x) = arg max
! ! !

!

ij

xij Rij (! )

PMW V(x) ! V (x) "
!

ij

xij (! ij ! Rij (" MW (x))) + K

!

ij

xij Rij (! MW (t)) !
!

!

u(! )
!

ij

xij Rij (! )

=
!

ij

xij µij (u)

P0.680,&01&)&280((O)8&(7-62:&Q20.4.35HR&
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state s

queue 11

queue 2
2

N queue N

a

.

.

.

a

a

Fading

channel

For all B ! E with B "= # :
!

i! B ai <
!

s:s" B#=$ w(s)
A6)O-,-6;&20.H-40.l&
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1Q3Rg‚p•3 &

σ

ρ

P#d&

PE$&

PE#&
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E$&6095.(&

U57&+)2956&
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cX&
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Proposition The token bucket Þlter with
parameters (σ, ρ) is the maximal (σ, ρ) regulator.
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3&

σ

ρ

1€Q3RgQ‚p•3R?j3„$k&

3&

σ

ρ

Note: If f (u) + f (v) ! f (u + v) for some u, v " 1, then
we can decreasef (u + v) without changing the condition.
Can also set f (0) = 0.

A(t) ! A(t ! u) " f (u) for all 0 " u " t.

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&
cc&

¥! A0&'&-(&'@3++58&20.(68)-.5H&-1&).H&0.,;&-1&-6&
-(&'BC3++58&20.(68)-.5HB&7:585l&

the subadditive closureof f , is deÞned byf ! (0) = 0, and for u ! 1:
f ! (u) = min { f (u1)+ á á á+ f (un ) : n ! 1, ui ! 1 for eachi, and u1+ á á á+ un = u}
Equivalently, f ! is such that:

a) f ! " f

b) f ! is subadditive; f ! (s + t) " f ! (s) + f ! (t) all s, t ! 0.

c) If g is any other function with g(0) = 0 satisfying (a) and (b), then g " f ! .

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&

cd&

A0*5&.06)40.l&J52),,&6:)6&'&-(&'@0;;$(&3"1%#(421$A&-1&
A(t)− A(t − u) ≤ f (u) for 0 ≤ u ≤ t.

Equivalently, A(t) ≤ A(t − u) + f (u) for 0 ≤ u ≤ t.

Or, equivalently, A ≤ A ! f , where A ! f (t) = min0! u ! t A(t − u) + f (u).

Or, equivalently still, A ≤ A ! (f " ).

g&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&
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Proposition A maximal regulator for f is
determined by the relation B = A ! f ∗.

¥! L)T-*),&85/3,)608&

8& C&

B (t) = min
0! u ! t

A(t ! u) + f " (u)

U065l&'&-(&1C3++58&20.(68)-.5H&-1&).H&0.,;&-1&
6:-(&85/3,)608&H05(&.06&H5,);&).;&+)2956(I&

Proof: If ÷B is the output of
some otherf -regulator with input A,
÷B = ÷B ! f ! ! A ! f ! = B.
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Corollary Suppose f 1 and f 2 are nondecreasing functions onZ+ with
f 1(0) = f 2(0) = 0. Two maximal regulators in series, consisting of a maximal
regulator for f 1 followed by a maximal regulator for f 2, is a maximal regulator
for f 1 ! f 2. In particular, the output is the same if the order of the two regulators
is reversed.

Proof Let A be the input to the Þrst regulator and let B be the output of
the second regulator. Then

B = ( A ! f !
1 ) ! f !

2 = A ! (f !
1 ! f !

2 ) = A ! (f 1 ! f 2)! ,

where the last equality depends on the assumption thatf 1(0) = f 2(0) = 0. The
Þrst part of the corollary is proved. The second part follows from the uniqueness
of maximal regulators and the fact that f 1 ! f 2 = f 2 ! f 1.

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&
d$&

¥! A58M-25&/3)8).655(l&
A service curveis a nondecreasing function fromZ+

to Z+ . Given a service curvef , a server is anf -server
if for any input A, the output B satisÞesB ! A ! f .
That is, B (t) ! min0≤s≤t { A(s) + f (t " s)} .

Od(t) =
{

0 for t ! d
+ " for t > d

¥! \T)*+,5B&108&H5,);&H&(58M-25l&

?@&A3**58&A2:00,B&'3/3(6&#$C#DB&E$$%&
d#&

¥! K5,);B&O3W58&(-a5&/3)8).655&

Proposition The queue sizeA(t) ! B (t) is less than
or equal to dV for any t " 0, and if the order of service
is FIFO, the delay of any packet is less than or equal todH .
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